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Summary of the thesis
In this thesis we present mathematical models of the flow in the vitreous chamber of the eye,
both in the presence of the natural vitreous humor and of tamponade fluids, injected into
the vitreous chamber after vitrectomy. In the following we provide a short description of the
contents of each chapter of the thesis to improve its readability.

Chapter 1: Introduction
Contents of the chapter. In this chapter we introduce the topics treated in the thesis, giving a short introduction about the anatomy, physiology and diseases of the eye and describing
the main aims of the work.

Chapter 2: Mathematical models of vitreoretinal tractions
Contents of the chapter. This chapter is devoted to investigate the motion of the vitreous
humor in the eye during eye rotations, with the aim of understanding the generation of
vitreoretinal tractions. We consider the case of normal eyes as well as eyes with different
pathologies, such as vitreous humor liquefaction, vitreoschisis and focal vitreoretinal tractions.
The main objective of the models proposed in this chapter is to obtain a better understanding
of the stress generation and distribution on the retina during eye rotations. Throughout this
chapter we model the vitreous chamber as a rigid sphere.
2.1 Fluid motion in periodically rotating sphere
The model presented in this section has already been proposed by other authors [1, 2],
but it serves as the basis for what follows in the next sections. We consider the flow of a fluid
(viscous or viscoelastic) contained in a rigid, hollow sphere that performs small amplitude
harmonic torsional oscillations. We study how the stress on the retina depends on the viscosity
and how results change when viscoelasticity is accounted for, which applies to the case of the
natural healthy vitreous.
In the case of a purely viscous fluid, the maximum wall shear stress on the retina grows
with increasing viscosity of the fluid in a highly nonlinear way and reaches an asymptotic
value in the limit of high viscosity, which can be computed analytically.
Since the real vitreous humor is a viscoelastic fluid we also consider the case of a fluid with
an elastic behavior. The results show that the motion of a viscoelastic fluid can be resonantly
excited by eye rotations, leading to large values of the shear stress on the retina.
2.2 Vitreoschisis
With aging the vitreous humor undergoes liquefaction and also the vitreous cortex (the
iii

outermost layer of the vitreous) progressively gets thinner. During the liquefaction and thinning processes small pockets of liquefied vitreous humor start to form and slowly move through
the thin cortex layer to settle between the cortex and the retina. This can lead to the detachment of the cortex from the retina, a process called posterior vitreous detachment (PVD),
which is harmless under normal circumstances.
However, in some cases liquefaction and cortex thinning do not occur simultaneously: the
vitreous gel may liquefy while the cortex is still thick and tightly attached to the retina. This
leads to an anomalous PVD, which may cause pathological conditions in the eye. Vitreoschisis
is the consequence of an anomalous PVD with such a strong vitreo-retinal adhesion in some
regions that the posterior vitreous cortex splits, leaving a vitreous layer attached to the retina,
while the remainder of the vitreous collapses forward.
In this section we present a simple, yet instructive, model of vitreoschisis and, in particular,
we study how the stresses exerted on the retina are spatially distributed in the presence of
vitreoschisis. We adopt two different models, two and three-dimensional respectively, which
are based on same assumptions. We assume that the split in the vitreous is very thin (which
is realistic) with respect to the size of the domain. According to this view the vitreous split is
thought of as a region in which the no-slip condition of the vitreous on the retina is partially
relaxed. Thus we study vitreous motion induced by eye rotations in the presence of a spatially
variable attachment condition of the vitreous on the retina (slip condition). We assume that
the slip length is small, which allows us to adopt a perturbation approach. In the case of
the simple two-dimensional model the solution can be found entirely analytically, and this
makes it easy to understand and interpret the results. In the case of the three-dimensional
spherical model the solution is also analytical, but the spatially variable slip condition needs
to be expanded in vector spherical harmonics (which is done numerically). Qualitatively, the
results of the two models are in the agreement.
The results show that in the regions of reattachment of the vitreous on the retina (at
the boundary of the vitreous split) the retina experiences a strong increase of the wall shear
stress with respect to the normal condition, i.e. when no split is present. The results confirm the clinical observation that the presence of the vitreoschisis locally increases tangential
vitreoretinal tractions and thus provide a mechanical explanation of the possible occurrence
of pathological conditions, such as macular tears and macular holes, which are the main risk
factors for retinal detachment.
2.3 Vitreous humor with inhomogeneous properties
The natural healthy vitreous humor is not homogeneous throughout the vitreous chamber.
In addition, it undergoes liquefaction with aging leading to the generation of liquid lacunae
and regions of tight attachments with the retina that are related to locally higher values of the
elastic modulus of the fluid. In this section we account for spatial variations of the mechanical
properties of the vitreous (its elastic and viscous component).
Again, we assume that such variations are small, which allows us to adopt a perturbation
approach. The model improves our understanding of the stress distribution on the retina
during eye rotations.

Chapter 3. Mathematical models of the vitreous chamber in the presence
of hydrophobic tamponade fluids
Contents of the chapter. Typically, tamponade fluids used during vitrectomy in order to
iv

treat retinal detachments are hydrophobic. Owing to this property a layer of aqueous humor
invariably forms between the retina and the vitreous substitute, at least in certain regions
of the eye. The shape of the interface between the vitreous substitute and the aqueous is
highly curved, due to surface tension effects. This affects the region of the retina effectively
tamponated. During eye rotations the existence of a thin layer of aqueous that separates
the tamponade from the retina has important mechanical implications, both for the stresses
experienced on the retina and also for the possible occurrence of instability of the interface
between the two fluids that might initiate the process of interface breakdown, eventually
leading to emulsification (a common complication associated with the use of hydrophobic
tamponades).
In this chapter we present mathematical models that help us shed some light onto these
problems.
3.1 Equilibrium shape of the aqueous humor-vitreous substitute interface in vitrectomized eyes
For a given volume of tamponade fluid injected into the eye, the tamponated retinal
surface is strongly affected by the shape of the interface between the tamponade fluid and
the aqueous humor. In this section we study the equilibrium configuration of the interface
between the tamponade fluid and aqueous humor. This depends on the physical properties of
both fluids, in particular, on density difference, surface tension, contact angle with the retina
and, obviously, also on head orientation.
We consider the two most commonly used tamponade fluids: silicone oil and intraocular gas. Different shapes of the vitreous chamber are studied. We first consider idealized
yet realistic geometries of emmetropic and myopic eyes and also consider real eye shapes
reconstructed from MRI-images. The shape of the interface between aqueous and vitreous
substitute is determined numerically using the free software OpenFOAM and a solver based
on the volume of fluid method.
The results show that for patients in the upright position the geometry of the vitreous
chamber has a significant impact on the final equilibrium configuration of the interface between two fluids. Gases have better tamponating properties then silicone oils. We also find
that the tamponating efficacy is reduced in highly myopic eyes.
This model can be applied to the eyes with pathological geometries which makes it a valuable tool for the clinical application. 3.2 A simple model of the flow of two immiscible
fluids in a sphere
In this section we adopt an idealized geometry consisting of a rigid sphere performing
harmonic torsional oscillations, filled with two immiscible fluids (aqueous humor and vitreous
substitute) arranged concentrically, with the aqueous in the external layer. In other words we
assume that the thickness of the aqueous layer is uniform over the domain. This is not a very
realistic assumption but it allows us to solve the problem for the fluid motion analytically
and the obtained solution is likely to be approximately valid at least in the regions where the
thickness on the aqueous layer in very thin compared to the radius of the sphere. We then
compute the maximum value of the shear stress on the wall (retina).
The results show that the maximum wall shear stress on the retina can be significantly
reduced in the presence of a layer of aqueous humor with respect to the case of single fluid
filling the domain, even if the viscosity of the vitreous substitute is very large. Therefore, the
v

possible existence of an aqueous layer should be accounted for when estimating the mechanical
stresses on the retina after injection of a vitreous substitute.
This work has been published in [3].
3.3 Linear stability of the interface between aqueous humor and vitreous substitute after vitreoretinal surgery
A common complication after vitrectomy is emulsification, i.e. formation of droplets of oil
in the aqueous solution, which may travel to the anterior chamber of the eye. It is believed
that mechanics plays an important role in this process. We performed a stability analysis
of the aqueous humor-vitreous substitute interface by considering a simple two-dimensional
case following the assumption that the thickness of the aqueous layer is much smaller then
the radius of the eye.
The model consists of two fluids superposed over a flat surface, that oscillates harmonically.
The aqueous humor occupies the region between the wall and the interface between two fluids
and tamponade occupies the region from the interface to infinity. We study the linear stability
of the interface with respect to two-dimensional perturbations using the normal mode analysis
and assuming quasi-steady flow conditions.
We find that instability of the interface is possible in a range of parameters that are
relevant for the problem that motivates the analysis. This suggests that shear instability
is likely a possible mechanism triggering the onset of vitreous substitute-aqueous interface
breakdown.
This work has been published in [4] and was chosen as Research Highlights in the December
issue 2014 in Physics of Fluids.

Chapter 4: Conclusions
Contents of the chapter. We summarize in this chapter the main findings of the thesis and
discuss their clinical implications. We, finally, outline some possible future developments.
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Chapter 1

Introduction
1.1

Anatomy of the eye

Figure 1.1.1: Cross-section of the human eye with an indication of its main components
The structure of the human eye enables it to receive light stimuli from the environment,
and deliver these stimuli to the brain in the form of electrical signals. The eye has a nearly
spherical shape; its antero-posterior and nasal-temporal lengths are about 24.2 mm [5] and
its superior-inferior length in the normal eye is usually slightly larger. On the other hand, in
myopic eyes the axial length is larger then the vertical one [6].
The interior of the eye can be divided into three different chambers: anterior, posterior
and vitreous chamber. The anterior chamber is bounded by the cornea, the iris and the
lens, while the posterior chamber is the region between the lens and the iris. Anterior and
posterior chambers are connected through the pupil and they are filled with aqueous humor,
a transparent liquid with properties similar to those of water, which is produced by the
ciliary body. The aqueous humor delivers the nutrients to the cornea and the lens, which are
avascular tissues.
The vitreous chamber is located in the back part of the eye and is bounded by the lens,
the ciliary body and the retina. It is filled with the vitreous humor, a viscoelastic fluid, the
functionality of which will be considered later on in this thesis.
1
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The main components of the eye are the following:
Cornea The cornea is the clear front window of the eye, which transmits and contributes
to focus the light on the retina.
Iris This is the colored part of the eye, which regulates the amount of light entering the
eye. When there is a bright light, the iris contracts the pupil to let less light in. On the
other hand, when the light is dim the iris opens up the pupil to let in more light.
Pupil It is the dark central opening in the middle of the iris and connects anterior and
posterior chambers.
Lens It contributes to focus light rays onto the retina. The lens is a transparent avascular
tissue. With age it often deteriorates, becoming stiffer and decreasing our capacity of
focusing at short distances. With advancing age the lens also often loses its transparency
(cataract). In such cases it can be replaced by artificial intraocular lenses.
Sclera The white outer external coat of the eye, which provides mechanical strength to the
eye ball.
Ciliary body This is a muscular structure located behind the iris, which allows lens accommodation to occur. It is also responsible for the production of aqueous humor.
Vitreous humor It is the clear gel-like substance filling the central cavity of the eye.
Retina The retina is the layer lining the inner part of the back of the eye. The retina senses
light and creates electrical impulses that are sent through the optic nerve to the brain.
Macula This is the area of the retina that contains special light-sensitive cells. In the
macula these cells allow us to see fine details clearly in the center of our visual field.
Deterioration of the macula is a common condition as we get older.
Choroid It is a layer containing blood vessels that lines the back of the eye and is located
between the retina and the sclera.
Optic nerve It consists of more than a million nerve fibers, that carry visual signals from
the retina to the brain. Glaucoma is a very serious condition that affects the optic
nerve.
Retinal pigment epithelium is the pigmented cell layer located just outside the retina
and it is attached to the chorioid. The RPE closely interacts with photoreceptors in
the maintenance of visual function. The retinal pigment eptihelium also serves as the
limiting transport factor that maintains the retinal environment by supplying small
molecules while remaining a tight barrier to choroidal blood borne substances. It transports ions, water, and metabolic end products from the subretinal space to the blood.

1.2

Functionality and physiological properties of the vitreous
humor

The vitreous humor is a clear gel-like substance that occupies the space between the lens and
the retina of the eye. Transparency of the vitreous is obviously necessary for the functionality
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of the eye. The vitreous humor is a viscoelastic, avascular fluid that is not actively regenerated
as, for example is aqueous humor. Vitreous mechanical properties have been studied by several
authors [7, 8, 9, 10].
The vitreous provides mechanical support to the eye. By filling up the vitreous chamber
it prevents the retinal from detaching from the pigment epithelium (the layer just outer of
the retina) and inhibits excessive deformation of the eye ball by absorbing external forces. It
exchanges substances with the ciliary body and the retina.
The vitreous humor is composed of a highly-hydrated double network of protein fibrils and
charged polysaccharide chains (figure 1.2.1). By the weight, vitreous is 99% water and 0.9%
salts [11]. The remaining 0.1% is divided between protein and polysaccharide components.
Most of the protein is found in collagen fibrils. The high concentration of protein fibrils in
the vitreous base drops as the collagen fibrils fan out and fill the vitreous cavity. After the
fibrils diverge they approach the retina at various points around the periphery and insert into
the inner limiting membrane where they turn and run in the posterior direction to the optic
nerve, following the curvature of the eye [12].

Figure 1.2.1: Sketch of the network structure of the vitreous. The vitreous is composed of a
highly-swollen double network of collagen type II fibrils ( 15 nm in diameter) and hyaluronic
acid. Taken from [11].
Collagen fibrils are hydrophobic and adhere to each other when they come in contact.
In addition, a sufficient number of fibrils are also oriented nasal-temporally to form a fully
crosslinked network. The network of collagen fibrils has been presumed to be responsible for
the mechanical properties of the vitreous, because of the load-bearing capacity of collagen.
Swollen hyaluronan polysaccharide chains play a passive role in the vitreous by filling the
space between the fibrils to prevent extensive aggregation.

4
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As it has been shown, the vitreous humor has a complicated and non-homogeneous structure. It is important from the clinical point of view to obtain a better understanding of
vitreous structure and its mechanical properties, since it is an essential step forward in developing vitreous replacements, needed for various purposes and also because it is important to
understand the generation of vitreoretinal tractions that might be responsible for the creating
retinal breaks.

1.3
1.3.1

Retinal detachment
Posterior vitreous detachment

Figure 1.3.1: Posterior vitreous detachment

The healthy vitreous has a gel-like structure. As we age, the gel often undergoes liquefaction,
shrinks, and eventually separates from the retina in the back of the eye. This process is called
posterior vitreous detachment (PVD) (figure 1.3.1). PVD is very common and occurs in most
adults. PVD may also occur in younger individuals who have undergone cataract surgery or
are very nearsighted.
When PVD occurs, floaters are usually noticed. Floaters are small specks that move in and
out of your field of vision. They maybe more noticeable when looking at a plain background.
Another common symptom of a PVD is flashes of light in the periphery of the visual field,
particularly in low ambient light. These flashes are the result of the retina being tugged on
by the separating vitreous.
Normally PVD does not lead to any complications. However, if the retina is weak or the
vitreous gel is abnormal, a retinal tear can occur (figure 1.3.2). If a retina tear is associated
with a PVD and it is not treated with laser, the patient is at high risk of developing a retinal
detachment and treatment will be necessary.

1.3. RETINAL DETACHMENT
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Figure 1.3.2: Teared retina as a result of PVD.

1.3.2

Types of retinal detachment

Retinal detachment is a serious sight threatening condition. There are three different categories of retinal detachment.

Figure 1.3.3: Retinal detachment as a result of PVD.
Rhegmatogenous Retinal Detachment Rhegmatogenous retinal detachment is the most
common type of detachment. It occurs when the liquefied vitreous passes through a
retinal break or tear and accumulates under the retina, separating it from the pigment
epithelium. Symptoms include flashes and floaters. In the presence of retinal break,
retinal detachment is likely to occur. In most cases rhegmatogenous retinal detachment
first occurs in the peripheral retina, which affects side vision. As the detachment extends
towards the macula, central vision will be lost, unless the detachment is treated. The
patient may notice this as a “veil” or a “curtain” that obscures the peripheral vision
and slowly encroaches on the center. With early surgical repair central vision can be
preserved if the macula has not detached. In the case when the macula is already
detached, visual recovery will not be complete. About 90% of rhegmatogenous retinal
detachments can be repaired if treated during their initial stage.
Exudative Retinal Detachment It occurs when natural pumping of fluid outwards by the

6
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retinal pigment epithelium is impaired, or fluid leaks through the normally impermeable
retinal pigment epithelium from the underlying layer of blood vessels (choroid). Several
conditions, ranging from inflammatory diseases, tumors, connective tissue diseases and
macular degenerative conditions can cause this type of retinal detachment.
Tractional Retinal Detachment This occurs when a scar tissue within the vitreous cavity pulls on the retina, eventually causing it to detach. There are several conditions
that can cause this type of detachment, including proliferative diabetics retinopathy
and proliferative vitreoretinopathy (PVR). PVR is the most common reason why a
rhegmatogenous retinal detachment repair fails (5-10% of the cases).
If the traction retinal detachment only involves the peripheral retina, surgery may not be
necessary immediately. Close monitoring will be necessary to ensure it is not threatening
the macula.
If the detachment involves the macula, the traction retinal detachment will need to be
operated on. Most often the Trans Pars Plana Vitrectomy (TPPV) procedure is used
to repair the detachment and often a scleral buckle will be used in conjunction with the
TPPV.

The underlying cause of the detachment will ultimately determine the overall success
of treatment. While some traction retinal detachment are easily repairable, others may be
impossible to treat successfully.

1.4
1.4.1

Treatments for retinal detachment
Treatments for retinal breaks

The key ingredient to prevent retinal detachment is early detection of retinal tears. The most
commonly way to treat a retinal break is a laser, which seals the tear and, thus, prevents
liquefied vitreous from passing through the retinal break. Another option is cryotherapy,
which produces a scar around the break by freezing it. Both treatments have a high rate of
success in helping to prevent RD.

1.4.2

Treatment for retinal detachment

There are three types of surgical procedures that can be used to correct a RD. They are listed
below.
Pneumatic Retinopexy In some cases RD can be treated by injecting a gas bubble into the
eye and treating the retinal tear with either laser or cryopexy (freezing). Unfortunately,
the overall success rate tends to be lower then other treatments. Some patients, however,
are ideal candidates for this procedure which allows them to avoid unnecessary surgery.
Vitrectomy The vitrectomy, or Trans Pars Plana Vitrectomy (TPPV), is the most common
way to treat the RD. At first the vitreous humor and subretinal fluid are removed from
the eye by making small incisions into the eye ball. Then retinal tears are treated with
laser to cause a permanent adhesive scar and prevent future detachment. At the last
stage of the surgery a vitreous substitute (tamponade fluid) is injected into the eye
chamber. The primary role of vitreous substitutes is to interrupt the communication
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that was established through the retinal break between the subretinal space/retinal
pigment epithelial cells and the pre-retinal space. Various fluids can be used during
vitrectomy, depending on the particular condition of the patient. The various fluid
tamponades and their properties will be considered later on in this work. Usually, a
specific head position is required to ensure that the retina remains attached. When
gas is used as a tamponade fluid no additional surgery is required since it dissolves on
its own after some time. When the silicone oil is used during the surgery additional
operation is needed in order to remove tamponade fluid from the vitreous chamber.
Otherwise undesirable consequences might occur.
Scleral Buckling This is the oldest surgical procedure in the practice of RD treatment.
A small piece of silicone is sutured around the eye in such a way that it indents the
eyeball and brings the retinal break back in contact with its outer layers.

Figure 1.4.1: Scleral buckle surgery. A small piece of silicone is sutured around the eye in
order to close the retinal breaks.
This allows the subretinal fluid to reabsorb and the retina to reattach. Sometimes an air
or gas bubble is injected at the time of surgery to aid reattachment of the retina. One
of the main advantages of the scleral buckling is that there is no need in postoperative
positioning and no vitreous is removed.

1.5

Tamponade fluids

RD and some other pathologies require partial or total vitreous removal [8]. Presently, the role
of intraocular vitreal substitutes is to ensure retinal adherence after cryo or laser retinopexy.
One of the main challenges in vitreous substitute development is the control of inflammation.
Interaction with intraocular anatomy and physiology as well as intraocular drug delivery
are the main objectives for future tamponade fluids. Currently available long-term vitreous
substitutes always have some disadvantages, which leaves the need of funding ideal vitreous
substitute still an open problem. In many cases additional surgery is needed to remove the
vitreous substitute after a certain amount of time.
The ideal vitreous substitutes have to meet a wide range of requirements (see Table 3 in

8
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Figure 1.5.1: Three most commonly used gases at a tamponade fluids during vitrectomy.
Advantages (blue) and disadvantages (red) are listed below. The main advantage of the
intraocular gases is that no additional surgery is required which in not the case when liquid
tamponade is used.
[13]). All currently available vitreous substitutes can be divided into two main categories:
gases (figure 1.5.1) and liquids (figure 1.5.2). The choice depends on the particular case,
i.e. type of RD, presence (and number) of macular holes etc.
Historically, the first gas injected into the vitreous camber was air. It is colorless and
inert, diffuses easily in the blood circulation, reducing the tamponating effect in a few days
and its naturally replaced by aqueous humor produced by the metabolism of ciliary body
[14, 15]. Nowadays, however, other types of gases, such as sulfur hexafluoride, perfluoroethane
and perfluorocarbon are used in pneumatic retinopexy and vitreoretinal surgery, as for their
longer permanence compared to air [16, 17].
The intraocular gas bubble has buoyancy that keeps the retina against the pigment epithelium. The tamponade effect is conditioned by the dimension and position of the bubble
and therefore by the position of patient’s head [18, 19].
Saline solutions, perfluorocarbon liquids, semifluorinated alkanes and silicone oils are making the group of liquid tamponade fluids. Each of them has advantages and disadvantages
with respect to others. The physical characteristics of saline solution are close to those of
aqueous humor (transparency, refractive index and density [20]). Saline solutions are used as
temporary vitreous substitutes during exchange with air or other liquids.
Perfluorocarbon liquids are hydrophobic and lipophobic substances used as a temporary
tamponades to unfold and stabilize the retina during surgical manipulation. They have to
be removed at the end of the surgical procedure [21, 22]. If left after the surgery, these
substances may cause retinal toxicity and intraocular inflammatory reactions, and, due to
their high immiscibility with water, they could form an emulsion.
The most commonly used fluids during vitrectomy are the silicone oils. Their refractive
index are similar to that of the vitreous humor, the density is slightly lower than water and the
kinematic viscosity may vary from 10−3 to 5 · 10−3 m2 /s [23]. Due to their chemical inertness
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Figure 1.5.2: Most commonly used types of liquid tamponade fluids during vitrectomy. The
advantages of each are listed in blue, and disadvantages in red. When the liquid tamponade
is used the additional surgery is required in order to remove the substitute. Nowadays the
most commonly used vitreous substitutes are silicone oils due to their low toxicity and high
tamponade effect.
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silicone oils are recommended as a long-term vitreous substitutes. In complicated cases, such
as the presence of giant retinal tears, they might be the only recommended solution. Due
to their hydrophobic properties and high surface tension silicone oils are considered as a
good tamponades, with a tamponating effect that depends on the position of the bubble, i.e.
patient’s head position.
Complications related to the use of silicone oils are mainly cataract induction, corneal
toxicity, glaucoma, and silicone retinopathy [24, 25]. Silicone oil droplets may disperse in
the aqueous solution and these droplets that may travel to the anterior eye chamber. This
process is called emulsification and is a common complication after the surgery with silicone
oils. This causes many other complications and requires the removal of tamponade fluid.
Second generation silicone oils have similar properties to the silicone oils, but with much
higher density. Usage of such fluids increases the risk of emulsion, however they have showed
to have very high tamponating effect.
Combination of the silicone oils and fluorinated alkanes is called heavy silicone oils. As
silicone oils, they are transparent and chemically inert. High density and viscosity lead to a
good tamponating effect and reduction of emulsion tendency. They are also used as a longterm tamponades due to their stability. The removal of such fluids might be complicated
by their high viscosity which cause their high adherence to the retina. Such ”sticky oil
phenomenon” causes inflammation and tissue reactivity [26].
Current clinical research for vitreous substitutes aims to reproduce some aspects of original
vitreous. So far polymer hydrogels have shown suitable characteristics with great variability
of chemical composition. However, experimental research is still advancing, since the ideal
substitute must behave correctly in terms of biocompatibility and mechanical properties [13].

1.6

Aims of the thesis

There are many factors leading to the RD, such as aging, that is normally accompanied by
vitreous liquefaction and posterior vitreous detachment, traumas or other pathological conditions. Whatever the mechanism that eventually leads to a RD mechanics is invariably heavily
involved since ultimately what produces a retinal tear is a mechanical traction on the retina.
The first aim of this thesis (see chapter 2) is to better understand the mechanics involved
in the generation of retinal tears, which are the prerequisite to develop a rhegmatogeneous
RD. In particular, we consider two cases that are typical when a patient experiencess the
formation of a retinal break and are known risk factors for developing a RD. In section 2.2
we consider a pathological condition, known as vitreoschisis, which has been found in about
half of the patients affected by retinal detachment [27]. Our purpose is to set up a simple
mathematical model describing such a condition and aimed at understanding how the shear
and normal stresses are distributed on the retina and how they are different from the normal
condition, when no vitreoschisis is present.
In section 2.3 we model another possible risk factor of RD. In particular we model focal
tractions on the retina that can be produced by a local hardening of the vitreous in a certain
region. In fact, it is known that the mechanical properties of the vitreous body are variable
in the vitreous chamber, and such variations can contribute to generate localised tractions on
the retina during eye rotations. Adopting a simple mathematical model we study the effect
of non-homogeneity of vitreous properties on the stress distribution on the retina.
In the second part of the thesis (chapter 3) we consider the case in which a tamponade
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fluid is present in the vitreous chamber. Tamponade fluids used during vitrectomy usually
are hydrophobic. After vitrectomy the tamponated retinal surface is strongly affected by
shape of the interface between the aqueous humor and the tamponade fluid. In the thesis we
aim at computing the shape of the interface, in order to obtain a better understanding of the
efficiency of vitrectomy. In addition, we would like to study how the shape of the eye chamber
might be the factor influencing the success of the surgery. The filling of the vitreous is never
complete: the maximum filling of the vitreous chamber is around 90%. The hydrophobicity
of the tamponade fluid results in the presence of the aqueous humor layer between the retina
and the tamponade itself. Understanding how the stresses on the retina would change due to
the presence of such a layer is one of the purposes of the thesis.
One of the possible complications related to the use of tamponade fluids, silicone oils in
particular, is the formation of an emulsion, i.e. small droplets of oil in the aqueous solution.
The mechanisms triggering the emulsification are poorely understood. It is believed, however,
that shear instability at the aqueous humor-tamponade fluid interface might be responsible
for the onset of emulsion. We would like verify the validity of this assumption from the purely
mechanical point of view, by considering a simple mathematical model and study the stability
of the interface between the aqueous humor and the vitreous substitute.

Chapter 2

Mathematical models of
vitreoretinal tractions
Fluid motion in the vitreous chamber can be driven by different mechanisms, in particular,
rotations of the eye ball or thermal differences between the anterior and posterior segments
of the eye[1]. However, it can be shown by a simple order-of-magnitude argument that the
fluid motion induced by eye rotations is much stronger then the thermally driven flow [28]
and, therefore, we restrict our attention to the former.
Eye rotations induce motion in the fluid contained in the eye owing to the no-slip boundary
condition, according to which the fluid in contact with a solid wall (e.g. the vitreous chamber
wall) move at the same velocity as the wall itself. In other words, fluid particles do not flow
across the wall and they do not slip over it.
In the section 2.1 we review results obtained by previous authors concerning the case of a
rigid hollow sphere of radius R∗ , modeling the vitreous chamber, filled with a fluid and study
fluid motion generated by small-amplitude, periodic, torsional oscillations of the sphere. This
problem has been studied in [1, 2] for the case of a viscoelastic fluid. In reality, the vitreous
chamber is not perfectly spherical, particularly owing to the indentation produced in its
anterior part by the lens. The effect of departure from the spherical shape on fluid motion
has been studied theoretically and experimentally by several authors [29, 30, 31, 32, 33].
Fluid motion generates stresses on the wall, which were determined analytically. We
discuss the qualitative characteristics of the flow and show the dependency of the stress at
the wall on fluid viscosity. In addition to that we show how the results would change when a
viscoelastic fluid is considered.
In section 2.2 we consider a pathological case of the eye, known as vitreoschisis, that might
lead to retinal detachment and propose a mathematical model to describe it.
The natural vitreous humor is not homogeneous all over the domain. With aging it
typically undergoes liquefaction, leading to the generation of liquid lacunae and regions of
strong adherence with the retina that might be the site of high values of the elastic modulus.
In section 2.3 we account for spatial variations of the mechanical properties of the vitreous
(its elastic and viscous components). In order to treat the problem in a semi-analytical way
we assume that the variations of vitreous properties are “small”, in a sense that will be
specified in the following. The model improves our understanding of the stresses distribution
exerted on the retina during eye rotations. For simplicity we describe the domain as a sphere.
However, we note that the method employed by Repetto et al. [31] to account for departure
12

13
of the geometry of the domain from the spherical one could be easily adopted also in this
case. We feel, however, that this would unnecessary complicate the problem since the main
aim of this work is to understand the effect of spatial variation of the vitreous mechanical
properties on its dynamics.
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Figure 2.1.1: Spherical domain performing small amplitude torsional rotations filled with a
viscoelastic fluid. The spherical system of coordinates is used for the model description.

2.1
2.1.1

Fluid motion in a periodically rotating sphere
Mathematical formulation

In this section we present a model already introduced by other authors [1, 2]. However, the
model presented in this section serve as the basis to understand what follows in the rest of the
chapter. Moreover, we discuss the results from a slightly different perspective with respect
to what previous authors have done, focusing on the clinical application that motivates the
work.
We consider a hollow rigid sphere with radius R∗ performing periodic torsional oscillations
of a small amplitude and frequency ω ∗ about an axis passing through its center (see figure
2.1.1). Here and later on the symbol (∗) refers to dimensional quantities. It is convenient for
this analysis to adopt the spherical system of coordinates (r∗ , θ, φ).
The velocity vector is composed of radial (u∗ ), zenithal (v ∗ ) and azimuthal (w∗ ) components:
u∗ = [u∗ , v ∗ , w∗ ].

(2.1.1)

The angular displacement β of the sphere in time is described by the following time law:
β(t∗ ) = −A cos(ω ∗ t∗ ),

(2.1.2)

where A is the amplitude of oscillations and it is A  1. This implies that the boundary
condition at the wall is:
u∗ = Aω ∗ R∗ sin(θ) sin(ω ∗ t∗ )φ̂

at

(r∗ = R∗ ),

(2.1.3)

where θ is the zenithal coordinate and φ̂ is the unit vector in the azimuthal direction.
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In order to make the problem dimensionless the following scaling has been used:
r∗ = R∗ r,
∗

∗

(2.1.4a)
∗

u = ω R u,

(2.1.4b)

p∗ = ρ∗ ω ∗2 R∗2 p,

(2.1.4c)
(2.1.4d)

where ρ∗ is the density of the fluid.
The fluid motion is governed by Navier-Stokes and continuity equations. The boundary
conditions are no-slip boundary condition at the wall and regularity condition in the center
of the sphere.
Taking advantage of the assumption of small amplitude eye rotations the system can be
linearized, and it reduces to a single partial differential equation:
p = 0,

u = 0,

v=0

∂w
1 h 1 ∂  2 ∂w 
1
∂ 
∂w 
w i
= 2 2
r
+ 2
sin θ
− 2 2
∂t
α r ∂r
∂r
r sin θ ∂θ
∂θ
r sin θ
w = A sin θ sin t at (r = 1)

(2.1.5)
(2.1.6a)
(2.1.6b)

where α = ρ∗ ω ∗ R∗2 /µ∗ is the Womersley number and µ∗ is the dynamic viscosity of the
fluid. In the case of a viscoelastic fluid the viscosity is given by a complex number, i.e.
complex viscosity [34].
The equation (2.1.6) can be solved analytically by applying the separation of variables
technique
w(r, θ, t) = g(r) sin θeit + c.c.
(2.1.7)
√
where c.c. denotes the complex conjugate and i = −1 is the imaginary unit.
The equation for g(r) reads:
p

r2 g 00 + 2rg 0 + (k 2 r2 − 2)g = 0,
(2.1.8a)
i
g = −A
at (r = 1),
(2.1.8b)
2
√
where prime (0 ) denotes the derivation with respect to the radial component r and k = α −i.
The solution for g(r) reads
i
g(r) = −A
j1 (kr) + c.c.
(2.1.9)
2j1 (k)
where j1 is the modified Bessel function:
sin(x) cos(x)
−
.
x2
x
Hence the azimuthal velocity component equals to:

i sin(kr) − kr cos(kr)
 sin(θ)eit + c.c.
w(r, θ, t) = −A 2
2r sin(k) − k cos(k)
j1 (x) =

(2.1.10)

(2.1.11)

The magnitude of the dimensionless wall shear stress τ (scaled with Aρ∗ ω ∗2 R∗2 ) is easily
found and reads:
1
1
3
w
τ = w0 −
|r=1 = −
− 2 sin θeit + c.c.
(2.1.12)
r
2 1 − k cot k k
The maximum of τ is located on the equatorial plane θ = π/2.
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Results

From the clinical point of view it is of interest to understand the behavior of vitreous substitutes injected into the eye chamber during the vitrectomy. In particular, how their mechanical
properties would change the stresses generated on the retina. Tamponade fluids are typically
purely viscous fluids, where the visocsity varies over a wide range. The natural vitreous humor, however, is viscoelastic. The presence of elasticity influences the shear stress on the
retina as it has been shown by Meskauskas et al [2]. We divide this subsection into two by
studying separately viscous and viscoelastic fluids.
Viscous fluid
In figures 2.1.2 and 2.1.3 we plot vector field and velocity profiles attained for a two different
viscous fluids on the equatorial plane orthogonal to the axis of the rotation. We note that
this is the plane where the stress on the wall attains its maximum value. In figure 2.1.2 we
show two velocity fields on the equatorial plane at the single time instant (t = π/2), which is
the time of maximum wall velocity. In figure 2.1.3 we show the corresponding variation of the
azimuthal velocity in the radial direction. Each curve in the plots corresponds to a different
time within a period. The velocity is zero at the center of the domain (r = 0) and has the
same velocity of the wall at r = 1. Both both cases flows the frequency is kept constant and
equal to 20 rad/s, which is a realistic value for eye rotations. In figures 2.1.2(a) and 2.1.3(a)
we use a viscosity typical of a silicone oil (µ∗ = 1 Pa·s), whereas figures 2.1.2(b) and 2.1.3(b)
are obtained assuming the viscosity of water (µ∗ = 0.001 Pa·s). In the two cases the velocity
profiles are significantly different. In the high viscosity case they are almost straight lines, in
other words the fluid moves almost as if it was a rigid body. On the other hand, when the
viscosity is small a thin layer forms at the wall in which the fluid moves and the velocity in the
core of the domain is vanishingly small. This layer is referred to as an oscillatory
p boundary
∗
layer. The thickness of the oscillatory boundary layer at the wall is of order δ ∼ µ∗ /(ρ∗ ω ∗ ).
This means that similar results could have been obtained by keeping fixed the viscosity of the
fluid and changing the frequency of oscillations. In fact, the problem is governed by a single
dimensionless parameter α, the Womersley number, which can be physically interpreted as
the ratio R∗ /δ ∗ between the radius of the sphere and the thickness of the oscillatory boundary
layer. Flows characterized by the same value of the Womersley number have identical velocity
profiles. In purely viscous fluids, whatever the value of the viscosity, the maximum of the
velocity is invariably attained at the wall (r = 1).
Since the shear stress depends linearly on the viscosity of the fluid and also on the spatial
derivatives of the velocity profile, predicting if the stress will increase or decrease with the
viscosity is not obvious. In fact, figures 2.1.3(a) and 2.1.3(b) show that as the viscosity
decreases the derivative of the velocity at the wall increases. The dimensional magnitude of
the wall shear stress is given by the following expression:
τ∗ = −

ρ∗ A ∗ ∗ 2 
1
3
∗ ∗
(ω R )
− 2 sin θeiω t + c.c.
2
1 − k cot k k

(2.1.13)

The dynamic viscosity of the fluid µ∗ is inversely proportional to the dimensionless parameter
k as they are related as follows:
iρ∗ R∗2
µ∗ = −
,
(2.1.14)
k2
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(b)

1

Normalised velocity

Normalised velocity

Figure 2.1.2: Resulting velocity profile on the equatorial plane θ = π/2 when the sphere
undergoes oscillations of frequency ω = 20 rad/s at the time instant t = 0. (a) Silicone oil,
µ∗ = 1 P a · s; (b) water, µ∗ = 0.001 P a · s

0.5
0
-0.5
-1

1
0.5
0
-0.5
-1

0.2

0.4

0.6

0.8

1

0.2

0.4

r
(a)

0.6

0.8

1

r
(b)

Figure 2.1.3: Velocity profiles in the radial direction (scales with the maximum velocity).
r = 0 corresponds to the center of the sphere and r = 1 to the location of the wall. The
velocity is normalized with the maximum velocity at the wall. In both figures we assume
that the sphere contains a purely viscous fluid and that the frequency of rotations is equal
to 20 rad/s, which is typical of eye rotations. (a) Silicone oil, µ∗ = 1 P a · s; (b) water,
µ∗ = 0.001 P a · s.
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which implies that, in order to compute the limiting value of the maximum wall shear stress
when viscosity grows to infinity, the limit of expression (2.1.13) when k tends to zero, has to
be computed:
∗
τmax
= ∗lim τ ∗ (θ = π/2) = lim τ ∗ (θ = π/2) =
µ →∞

k→0

A ∗ ∗ 2 ∗ iω∗ t∗
(ω R ) ρ e
+ c.c.,
10

(2.1.15)

which can be rewritten as

A ∗ ∗ 2 ∗
(ω R ) ρ cos(ω ∗ t∗ ).
(2.1.16)
5
In figure 2.1.4 we show how, in a viscous fluid, the maximum shear stress at the wall
changes with the fluid viscosity. The results reported in figure 2.1.4 show that the maximum
shear stress at the wall increases nonlinearly with the viscosity and attains an asymptotic
value for very viscous fluids equals to Aρ∗ (ω ∗ R∗ )2 /5 (equation 2.1.15). This implies that
the adoption of highly viscous fluids as vitreous substitutes induces the generation of large
mechanical stresses on the retina. In the figure 2.1.4 we report with vertical lines the cases
corresponding to water and two often used silicone oils (0.96 and 4.8 P a · s ) [13]. It appears
that in the cases of the two oils the maximum wall shear stress on the retina is an order of
magnitude higher then in the case of water. However, the differences between the two oils are
small since, in the both cases, the value of the maximum stress on retina is almost equal to
the maximum possible asymptotic value.
∗
τmax
=

Viscoelastic fluid
The real healthy vitreous is a viscoelastic fluid [35, 36], i.e. a fluid in which the state of stress
depends on the history of deformation. In other words, viscoelastic fluids have a memory.
Figure 2.1.5 is obtained taking into account the viscoelasticity of the fluid. We have used
the two-parameter model proposed by [2] in order to describe the viscoelastic behavior of
the fluid. The velocity profiles show qualitative difference with respect to those obtained for
purely viscous fluids. In particular, in the case of a viscoelastic fluid, the maximum velocity
can be attained in the core of the domain and not at the wall. This phenomenon is due to a
resonant excitation of vitreous motion. When resonance occurs, large values of the stress are
attained on the boundary of the domain, i.e. on the retina.
In figure 2.1.4 we have reported points corresponding to viscoelastic case, adopting for
the rheological properties of the vitreous the values measured in [35] and [36]. In these cases
there is also an elastic component of the stress, the effect of which is to slightly increase the
maximum wall shear stress with respect to purely viscous case.

Maximum wall shear stress (Pa)
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Figure 2.1.4: Dependency of the maximum shear stress at the wall on the viscosity in the case
of purely viscous fluid. The two curves correspond to two different values of the frequency of
eye rotations (dashed line 20 rad/s; solid line 10 rad/s; A = 20 deg = π/9rad). W: water;
S.O.: silicone oils (ρ∗ = 960 kg/m3 , µ∗ = 0.96 Pa·s, and µ = 4.8 Pa·s.) In the figure we
also report with symbols the values of maximum wall shear stress obtained in the case of
a viscoelastic fluid and adopt the rheological properties measured in [35, 36]. Solid square:
complex viscosity µ∗ = 0.38 − i Pa·s, ω ∗ = 10 rad/s [35]; empty square: µ∗ = 0.07 − 0.28i,
ω ∗ = 10 rad/s [35]; solid circle: µ∗ = 0.07 − 0.28i, ω ∗ = 12/57 rad/s [36]; and empty circle:
µ∗ = 0.03 − 0.064i, ω ∗ = 12.57 rad/s [36].
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Figure 2.1.5: Azimuthal velocity profiles (scaled with the maximum velocity at the wall)
using the initial values of [36]. The frequency of oscillations equals to ω ∗ = 21.61 rad/s. The
velocity is normalized by its maximum value. Each curve corresponds to a single time instant.
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Discussion

In this section we have considered the case in which the whole vitreous chamber is filled with
a single fluid and have modeled the chamber as a rigid sphere, performing sinusoidal small
amplitude torsional oscillations, similarly to what was done by previous authors [1, 2]. We
have shown that, when the fluid is purely viscous, the maximum velocity is invariably attained
at the sphere wall and the velocity at the center of the domain is zero. In the limit of very
large fluid viscosity the velocity profiles are approximately straight lines and the fluid moves
almost as a rigid body. In the opposite limit of low viscosity, an oscillatory boundary layer
forms at the wall and the fluid velocity in the core of the vitreous chamber is almost zero. We
have shown that the maximum wall shear stress on the retina grows with increasing viscosity
of the fluid in a highly nonlinear way and reaches an asymptotic value in the limit of high
viscous fluid, which is easily predicted analytically. This is relevant for the choice of vitreous
replacement fluids. In fact, the model shows that if the vitreous is replaced by a highly viscous
fluid, mechanical actions of the retina should be expected to increase. This is,for instance,
the case of silicone oils. In the clinical practice silicone oils with a viscosity of 10−3 m2 /s or
5 · 10−3 m2 /s are typically adopted. We remark that in both cases the viscosity is so large
that the maximum wall shear stress at the retina are close to its maximum possible values.
This means that, in terms of mechanical stresses on the retina, the two oils are equivalent to
each other. We will show in chapter 3 (section 3.2) that is a thin layer of aqueous separates
the retina from the oil the wall shear stress can decrease dramatically.
We have also considered the flow characteristics in the case of a viscoelastic fluid filling the
vitreous chamber. The real healthy vitreous has viscoelastic properties, and there is a large
body of research devoted to the identification of vitreous replacement fluids with viscoelastic
properties. We have recalled that the motion of a viscoelastic fluid can be resonantly excited
by eye rotations and, if this happens, large values of the shear stress are expected to develop
on the retina. This has important implications for the choice of ideal properties of vitreous
substitutes. Soman and Banerjee [37] and Swindle and Ravi [38] review all materials currently
in use, discuss their advantages and disadvantages, and list the characteristics of an ideal
vitreous substitute. In their papers it is mentioned that the ideal substitute should have a
large enough elastic component, so as to avoid excessive flow within the vitreous chamber.
However, the possible occurrence of resonance as a risk factor for generating large mechanical
stresses on the retina is disregarded. This was discussed in detail in [2, 39].
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2.2

Vitreoschisis

The vitreous humor is a substance that consists mainly of water (≈98%), hyaluronan, collagen,
and additional molecular components. In youth, the vitreous is tightly adherent to the retina.
With advancing age, changes in vitreous macromolecular interactions result in the formation
of liquefied vitreous that consists primarily of hyaluronan and water; in this case the collagen
fibrils aggregate into bundles of parallel fibers [40]. Moreover, with aging the vitreous cortex
gets thinner, leading to the formation of small pockets of liquefied vitreous humor. These
pockets slowly move through the thin cortex layer and settle between the cortex and the retina.
These two processes, vitreous liquefaction and cortex thinning, normally occur simultaneously
and result, in the majority of cases, in posterior vitreous detachment (PVD) [27]. The effect of
PVD may vary from negligible to significant, depending on the conditions of the vitreoretinal
interface [41].
The variety of manifestations of anomalous PVD depends on where the vitreous gel is
liquefied and where the vitreo-retinal adhesion is strong. In the peripheral fundus, advanced
gel liquefaction in the presence of strong vitreo-retinal adhesion causes retinal tears and detachments [27]. At the macula, the damage of PVD depends on the vitreous cortex condition.
It might be either intact (full thickness) or split (partial thickness). Full-thickness vitreous
cortex adherence to the macula in presence of peripheral vitreo-retinal separation leads to
vitreo-macular traction.
A split in the posterior vitreous cortex, known as vitreoschisis, may result in different
pathologies, including macular holes, macula pucker and retinal detachment. Vitreoschisis is
a consequence of anomalous PVD. It occurs when the vitreo-macular adhesion is very strong,
such that the collapse of the vitreous humor owing to its liquefaction leads to the splitting
in vitreous cortex, leaving the outermost layer attached to the macula while the reminder of
the vitreous collapses forward.
Recently, combined optical coherence tomography/scanning laser ophthalmoscopy (OCT/SLO) was able to identify vitreoschisis clinically (figure 2.2.1). Studies have shown that
vitreoschisis has been detected in 53% patients with macular holes and 43% with macula
pucker [27]. This suggested that a split in the vitreous cortex causes tangential traction upon
the underlying retina and results in macular pucker or macular holes if the vitreous is also
attached to the optic disc, inducing outward (centrifugal) tangential contraction. In fact, it is
believed that the point where the two layers re-join into one full-thickness layer is often site
of significant tractions upon the retina [27].
In this section we study how the stresses exerted on the retina are spatially distributed in
the presence of vitreoschisis. Based on clinical studies of vitreoschisis [27, 40, 41], we know
that the split in the vitreous is very thin with respect to the size of the domain. We assume
that its effect on the motion of the vitreous is related to the fact that particles on the two
sides of the split do not necessarily move at the same velocity. Specifically, the outer side of
the split has a velocity which is dictated by the motion of the eye, while the inner side of
the split presumably moves at a slightly smaller velocity during eye rotations. We, therefore,
model the presence of the split by modifying the boundary condition at the wall that the
fluid within the vitreous cavity has to satisfy. More precisely, we model the vitreoschisis as
a region in which the no-slip condition is partially relaxed. In order to face the problem
analytically we assume that the relative velocity between the fluid and the wall in the region
of the vitreoschisis is small compared to the wall velocity and adopt a perturbation approach.
Based on the same assumptions, we set up two different models, two- and three-dimensional,
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Figure 2.2.1: Clinical vitreoschisis. The outer layer of the split posterior vitreous cortex
remains adherent to the retina.

Basic flow B.C.

Slip

Figure 2.2.2: Boundary condition at the wall y ∗ = 0. The dashed line represents the case
without vitreoschisis, i.e. it is the basic flow boundary condition. The solid line corresponds
to the presence of vitreoschisis. We model a split in the vitreous cortex by relaxing the
boundary condition of the basic flow.
respectively. In the case of the two-dimensional model we consider a semi-infinite domain and
model the retinal surface as a flat wall, which performs oscillations (the eye movements) along
its plane. The advantage of this model is that a solution can be found in closed form, which
makes it easy to understand and discuss the results. A three-dimensional model, however,
gives a more realistic view on the problem. In this case we consider a spherical domain. The
spatially variable slip-condition is expanded in vector spherical harmonics.

2.2.1

Mathematical formulation. Two-dimensional model

Vitreoschisis is a small split in the vitreous cortex. The thickness of the split is much smaller
with respect to the radius of the eye. Owing to this fact we start our analysis with a simple
two-dimensional mathematical model.
The eye wall is modeled as a flat wall, placed at y ∗ = 0, that performs small-amplitude
(A∗  1, where A∗ is the dimensional amplitude) harmonic oscillations along the x∗ -direction.
These oscillations represent eye movements. The fluid (vitreous humor) occupies the semiplane y ∗ ≥ 0. Even though the real saccadic eye rotations are not exactly harmonic in time,
this time dependency of the velocity provides a good approximation of the real situation.
Thus, the velocity of the wall in the x∗ -direction is given by the following expression:
∗
Uwall
= A∗ sin(ω ∗ t∗ ),

(2.2.1)
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where ω ∗ is the frequency of oscillations.
Under normal conditions, when no vitreoschisis is present, the fluid adherent to the wall
moves with the same velocity as the wall itself, i.e. the no-slip boundary condition holds.
The fluid, however, may experience a slip at the wall when the vitreoschisis is present. This
suggests us to relax the boundary condition (2.2.1) by adding a spatial variation of the velocity
(see figure 2.2.2). Taking advantage of the infinite size of the domain in the x∗ -direction, we
can use a Fourier expansion in this direction. In the general case the boundary condition at
the wall in the case of vitreoschisis can be written as
∗

∗
U wall = Uwall
+ εu∗wall

(y ∗ = 0),

(2.2.2)

∗
U wall

∗
where
is the fluid velocity at the wall, Uwall
is the wall velocity (basic state, equation
∗
(2.2.1)) and εuwall is the small (ε  1) perturbation of the boundary condition that describes
the split in the vitreous cortex.
Following equation (2.2.2) we now can split our variables into basic flow and perturbation
terms

u∗ = U∗ + εû∗ ,
∗

∗

(2.2.3a)

∗

P = P + εp̂ ,
∗

∗

(2.2.3b)

∗

τ = T + ετ̂ .

(2.2.3c)
∗

Capital letters refer to the basic solution and small ones refer to the perturbations; P is the
∗
total pressure field and T is the total wall shear stress.
In order to make the problem dimensionless the following scaling is applied to all the
variables involved in the system:
u∗ = L∗ ω ∗ u,

t∗ =

1
t,
ω∗

(x∗ , y ∗ ) = L∗ (x, y),

(2.2.4)

where L∗ is the length of the split.
Owing to the small-amplitude of the oscillations (A∗  1) the system is governed by the
linearized Navier-Stokes and continuity equations. The dimensionless parameter involved in
the governing system is the (complex) Womersley number, which is defined as
r
ω ∗ L∗2
α=
(2.2.5)
ν∗
where ν ∗ is the fluid viscosity which might be complex when elasticity is taken into account.
We denote by η the loss factor which is equal to the ratio between the imaginary and real
∗ . Then the complex Womersley number can be written as
part of the viscosity η = νI∗ /νR
follows:
s
r
r
ω ∗ L∗2
1
1
α=
= αr
,
(2.2.6)
∗
νR
1 + iη
1 + iη
where αr is the real Womersley number, i.e. the Womersley number corresponding to the
case when purely viscous fluid is considered.
In general case, if by n we denote the normal to the solid surface directed into the fluid,
and by t - the tangential to the solid surfcae then the boundary condition proposed by Navier
[42], can be written as
u · n = 0,

u = (A sin t)t + 2εf (x){E · n − [(E · n) · n]n}

at y = 0,

(2.2.7)
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where E = 12 (∇U + ∇UT ) is the rate of strain tensor, which is equal to
"
E=

0

1 ∂U
2 ∂y

1 ∂U
2 ∂y

0

#
(2.2.8)

The function f (x) is known as the slip length. In the case when f (x) = 0 the classical no-slip
boundary condition is recovered.
Basic flow
The dimensionless boundary condition at the wall (y = 0) for the basic flow is given by
i
Uwall = A sin t = −A eit + c.c.,
2

(2.2.9)

where A = A∗ /(L∗ ω ∗ ).
The fact that the wall moves only in the horizontal direction suggests the following form
of the solution for the basic flow
U = [U (y, t), 0].
(2.2.10)
Neglecting the effect of gravity the pressure is constant and can be set equal to zero without
loss of generality. The Navier-Stokes equation in the x-direction reads:
1 ∂2U
∂U
= 2
,
∂t
α ∂y 2

(2.2.11)

which can be easily solved by separation of variables and applying the boundary condition
(2.2.9) at the wall and zero velocity at infinity. The final solution of the basic flow reads:
!
r
q
2
α2
α
U (y, t) = Ae− 2 y sin t −
y .
(2.2.12)
2
The dimensionless shear stress at the wall T , scaled with Aρ∗ L∗2 ω ∗2 , corresponding to
this solution is given by:
r
1 −i it
1 ∂U
T = 2
=
e + c.c.
(2.2.13)
α ∂y y=0 2 α2
Solution for the perturbation
As in the case of the basic flow the system is governed by the linearized Navier-Stokes and
continuity equations:
∂ û
∂ p̂
1 h ∂ 2 û ∂ 2 û i
=−
+ 2
+ 2 ,
∂t
∂x α ∂x2
∂y
h
2
∂v̂
∂ p̂
1 ∂ v̂
∂ 2 v̂ i
=−
+ 2
+
,
∂t
∂y α ∂x2 ∂y 2
∂ û ∂v̂
+
= 0.
∂x ∂y

(2.2.14a)
(2.2.14b)
(2.2.14c)

26

CHAPTER 2. MATHEMATICAL MODELS OF VITREORETINAL TRACTIONS
0

-0.1

-0.2

-0.3

-0.4

-0.5

-0.6

-0.7

-0.8

-0.9

-1
-4

-3

-2

-1

0

1

2

3

4

Figure 2.2.3: Slip length described by the function f (x) given by equation (2.2.16)
The the boundary condition for the perturbation at infinity is zero and at the wall is given
by
ipA
∂U
=
f (x)eit + c.c,
(2.2.15)
uwall = f (x)
∂y y=0
2
√
where p = α i. The function f (x) models the presence of the split in the vitreous cortex. It
is so called slip length (see [42, 43]).Let the function f (x) be a periodic function defined on
the interval x ∈ [−∞, ∞] and with a period of 2m. The region of the split is at the interval
[− 12 , 21 ] so that its length is one. The value of the parameter m is chosen such that the results
far away from split are not influenced by its presence. The function f (x) is zero everywhere
except from the part with a split. We define this function as follows:
(
1
+ 1 cos(2πx), x ∈ [− 12 , 12 ],
f (x) = 2 2
(2.2.16)
0,
x ∈ [−m, − 21 ] ∪ [ 12 , m].
(see figure 2.2.3). Taking advantage of the infinity of the domain in the x-direction the
function f (x) can be expanded in the Fourier series. We thus write
f (x) =

∞
n 
X
a0
+ a2m cos(2πx) +
an cos
πx ,
2
m

(2.2.17)

n=1
n6=2m

and the coefficients in the above expansion take the following values:
1
,
2m
1
,
=−
4m

a0 = −
a2m

an = −

sin

n π
m2

nπ

(2.2.18a)
(2.2.18b)








n π
n π
sin (2 − m
)2
)2
1  sin (2 + m
.
−
+
n
n
2πn
2+ m
2− m

(2.2.18c)
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This implies that the components of the velocity vector û = [û, v̂], the pressure p̂ and the
wall shear stress τ̂ can be expanded as follows:
∞
X

û(x, y, t) =

un (y) cos(nπx/m)eit + c.c.,

(2.2.19a)

vn (y) sin(nπx/m)eit + c.c.,

(2.2.19b)

pn (y) sin(nπx/m)eit + c.c.,

(2.2.19c)

n=0
∞
X

v̂(x, y, t) =

n=0
∞
X

p̂(x, y, t) =

n=0

τ̂ (x, t) =

∞
X

τn cos(nπx/m)eit + c.c.

(2.2.19d)

n=0

Using this approach the solution is decomposed as a sum of Fourier harmonics. Substituting the above expansion (2.2.19) into the governing system of equations (2.2.14) we
get
i
1h
2
00
−
n
u
+
u
n
n ,
α2
i
1h
ivn = −p0n + 2 − n2 vn + vn00 ,
α
− nun + vn0 = 0,

iun = npn +

(2.2.20a)
(2.2.20b)
(2.2.20c)

for n = 1, . . . , ∞. Note that the harmonic n = 0 represents a correction to the basic flow as
the corresponding solution does not depend on x.
The boundary conditions are then given by:
i
un = −A an
2
vn = 0

(y = 0),

(2.2.21a)

(y = 0),

(2.2.21b)

un = 0

(y → ∞),

(2.2.21c)

vn = 0

(y → ∞).

(2.2.21d)

In order to solve the above system (2.2.20) we substitute un = vn0 /n, obtained from the
continuity equation (2.2.20c), into the Navier-Stokes equations, eliminate the pressure by
deriving equation (2.2.20a) with respect to y and subtracting it from the equation (2.2.20a).
The system then reduces to the following a fourth-order ODE:
vn0000 + avn00 + bvn = 0,

(2.2.22)

with
 nπ 2
a = −2
− iα2 ,
m
 nπ 4
 nπ 2
b=
+i
α2 ,
m
m

(2.2.23a)
(2.2.23b)
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and subjected to the following four boundary conditions:
vn = 0

(y = 0),

(2.2.24a)

(y = 0),

(2.2.24b)

vn = 0

(y → ∞),

(2.2.24c)

vn0

(y → ∞).

(2.2.24d)

vn0 = −A

in
an
2

=0

The solution for un and vn is then easily computed and reads:
c1 p1 ep1 y + c2 p2 ep2 y
,
n
vn = A (c1 ep1 y + c2 ep2 y ) ,
un = A

(2.2.25a)
(2.2.25b)

where p1 and p2 are given by
s
p1 = −
s
p2 = −

√

a2 − 4b
,
2
√
−a + a2 − 4b
,
2
−a −

(2.2.26a)

(2.2.26b)

and the constants c1 and c2 are found applying the boundary conditions and read
in
,
2(p1 − p2 )
c2 = −c1 .
c1 = −

(2.2.27a)
(2.2.27b)

Summing up all the terms of the expansion (2.2.19) the final solution for the perturbation
is found.
The constants for the dimensionless perturbation to the wall shear stress, τn (again scaled
with Aρ∗ L∗2 ω ∗2 ), are given by the expression
τn =

c1 p21 + c2 p22
.
nα2

(2.2.28)

In the next section we present a three-dimensional version of the model and discuss all
results in section 2.2.3.

2.2.2

Mathematical modeling of vitreoschisis in a spherical domain

Basic flow
We now describe a problem analogous to that described in the previous section but model
the domain as a sphere, which is obviously more realistic than the flat case. This will give us
a better understanding on how the stresses are distributed on the retina in the presence of
vitreoschisis.
We model the vitreous chamber as a sphere of a radius R∗ , which performs small-amplitude
periodic torsional rotations about an axis passing through its center with a frequency ω ∗ . The
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angular displacement β(t∗ ) of the sphere in time is described by equation (2.1.2), and again
we assume A  1, with A denoting the amplitude of rotations.
It is convenient to adopt a spherical system of coordinates (r∗ , θ, φ) (see figure 2.1.1 of
section 2.1). The velocity vector u∗ = [u∗ , v ∗ , w∗ ], where u∗ , v ∗ and w∗ denote the radial,
zenithal and azimuthal components.
We scale the problem as follows, using the radius of the sphere as length scale:
r∗ = R∗ · r,
∗

∗

(2.2.29a)

∗

u = ω R ·u,
∗

∗

∗ ∗2

(p , τ ) = ρ ω R

(2.2.29b)
∗2

· (p, τ ),

(2.2.29c)

where ρ∗ is the density of the fluid filling the domain, p∗ is the dimensional pressure and
τ ∗ is the dimensional wall shear stress. Similarly to what we did in the previous section we
decompose the variables into a basic flow (the motion is a rotating sphere) and a perturbation
(induced by the relaxation of the no-slip condition in certain regions of the sphere surface).
Thus we write
u = U + εû,

(2.2.30a)

p = P + εp̂,

(2.2.30b)

τ = T + ετ̂ ,

(2.2.30c)

where ε  1.
The system is governed by the Navier-Stokes equations which can be linearized due to
small-amplitude of the oscillations. The boundary condition at the wall r = 1 for the basic
flow according to the angular displacement β ∗ (t) equals to
U = [0, 0, A sin t sin θ]

(r = 1).

(2.2.31)

The second boundary condition is the regularity at the origin
|U| is bounded

(r = 0).

(2.2.32)

The solution of the basic flow is that described in section 2.1 and we recall it here for convenience
U = 0,

, V = 0,

P = 0,

(2.2.33a)


i sin(kr) − kr cos(kr)
 sin(θ)
W (r, θ, t) = −A 2
2r sin(k) − k cos(k)

(2.2.33b)

p
√
where k = α −i and α = R∗ ρ∗ ω ∗ /µ∗ is the Wormersley number.
The dimensionless wall shear stress corresponding to the basic flow, scaled with Aρ∗ ω ∗2 R∗2 ,
is given by the following expression
T =−

1
1
3
− 2 sin θ
2 1 − k cot k k

(2.2.34)
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Figure 2.2.4: Normalized veloctiy imposed at the wall at time t = π/2. The blue spot on the
equatorial plane is where the no-slip condition is relaxed.
Solution for the perturbation
The perturbation is induced by a “small” relaxation of the no-slip condition in a certain region
of the surface of the sphere. We thus write
i
h

1 
f (θ, φ) .
(2.2.35)
uw = [uw , vw , ww ] = 0, 0, W 0 − W
r
r=1
For the function describing the slip length f (θ, φ) we choose the following form

1
π π

 4 · [1 + cos(k1 φ)] · [(1 + cos(k2 θ))] if φ ∈ [− n , n ],
f (θ, φ) =
θ ∈ [ π2 − πn , π2 + πn ],


0
otherwise.

(2.2.36)

The azimuthal component of the velocity at the boundary is plotted in figure 2.2.4. It shows
that we are modeling a localized relaxation of the no-slip condition centered on the equatorial
plane. In the figure the axis of rotation is vertical. In equation (2.2.36) the parameters k1
and k2 define the size of the vitreoschisis and ε  1.
In order to solve the problem for the perturbation we expand the vector (2.2.35) in terms
of spherical harmonics. The scalar spherical harmonics of degree n and order m, for n ≥ 0
and −n ≤ m ≤ n are defined as
s
2n + 1 (n − m)!
Pmn (cos(θ))eimφ ,
(2.2.37)
Ymn (θ, φ) = (−1)m
4π (n + m)!
where

(

d m
(1 − x2 )m/2 dx
Pn (x) for m ≥ 0,
Pmn (x) =
(n−|m|)!
|m|
(−1) (n+|m|)! P|m|n (x) for m < 0,

(2.2.38)
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and Pn is the Legendre polynomial of order n. The vector spherical harmonics of degree n
and order m, Pmn (θ, φ), Bmn (θ, φ) and Cmn (θ, φ), are defined for n ≥ 0 and −n ≤ m ≤ n as


Ymn
Pmn = Ymn r̂ =  0  ,
(2.2.39a)
0


0
1  ∂Ymn 
r
,
(2.2.39b)
Bmn = ∇Ymn =
∂θ
sn
sn
1 ∂Ymn
sin θ

∂φ


Cmn =

0



1  1 ∂Ymn 
1
∇ × (Ymn r) =
,
∂φ
sn
sn sin θ∂Ymn
− ∂θ

(2.2.39c)

where
r represents the position vector, r̂ the unit vector in the same direction and sn =
p
n(n + 1). For n = m = 0, B00 = 0 and C00 = 0.
We thus expand the vector defining the boundary condition at r = 1 as follows:
uw =

∞ X
n
X



f1mn Pmn (θ, φ) + f2mn Bmn (θ, φ) + f3mn Cmn (θ, φ) ,

(2.2.40)

n=0 m=−n

with f1mn equal to zero due to (2.2.35).
The velocity vector and pressure term are also expanded in terms of spherical harmonics
in the following way:
∞ X
n
h
i
X
u=
Umn (r)Pmn (θ, φ) + Vmn (r)Bmn (θ, φ) + Wmn (r)Cmn (θ, φ) eit + c.c.,
n=0 m=−n

(2.2.41a)
p=

∞
X

n
X

Pmn (r)Ymn (θ, φ)eit + c.c.

(2.2.41b)

n=0 m=−n

Substituting these expansions into the linearized Navier-Stokes equations the governing
system of equations for each n and m reads

d
1 
2
2sn
Pmn + 2 Dn − 2 Umn + 2 Vmn ,
dr
α
r
r

sn
1  2sn
Umn + Dn Vmn ,
iVmn = − Pmn + 2
r
α
r2
1
iWmn = 2 Dn Wmn ,
α
iUmn = −

where Dn is defined as
Dn =

d2
2 d
s2n
+
−
.
dr2 r dr
r2

The continuity equation is given by


2
d
sn
+
Umn − Vmn = 0.
r dr
r

(2.2.42a)
(2.2.42b)
(2.2.42c)

(2.2.42d)

(2.2.43)
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Finally, the boundary conditions read
Umn = 0

(r = 1),

(2.2.44a)

Vmn = f2mn
Wmn = f3mn

(r = 1),

(2.2.44b)

(r = 1),

(2.2.44c)

Umn , Vmn , Wmn are bounded

(r = 0).

(2.2.44d)

The above system can be solved analytically and the solution reads
Umn = c1 rn−1 + c2

Jn+1/2 (ar)

,
r3/2
arJn−1/2 (ar) − nJn+1/2 (ar)

rn−1
+ c2
n
Jn+1/2 (ar)
,
Wmn = c3
r1/2
a2
Pmn = c1 ,
n
Vmn = c1 sn

sn r3/2

(2.2.45a)
,

(2.2.45b)
(2.2.45c)
(2.2.45d)

√
where a = α −i, Ji are the Bessel function of first kind of order i and the constants are
found by applying the boundary conditions and read:
sn Jn+1/2 (a)f2mn
,
aJn−1/2 (a) − (2n + 1)Jn+1/2 (a)
sn f2mn
c2 =
,
aJn−1/2 (a) − (2n + 1)Jn+1/2 (a)
f3mn
c3 =
.
Jn+1/2 (a)
c1 = −

2.2.3

(2.2.46a)
(2.2.46b)
(2.2.46c)

Results

Two-dimensional model
The main aim of this analysis is to investigate how the stress on the retina changes in the presence of vitreoschisis. In this section we present the results obtained with the two-dimensional
model described in section 2.2.1. We consider a viscoelastic fluid which is the case of real
natural vitreous humor.
Figure 2.2.5 shows a snapshot of the perturbation flow field taken at t = π/2 that is the
time at which the velocity is maximum. The split is located along the x-axis in the region
−1/2 ≤ x ≤ 1/2. It is shown that the presence of the region in which the no slip condition is
relaxed generates a two-dimensional flow field in the form of a circulation.
In figure 2.2.6 we show the wall shear stress of the basic flow (black curves) and of the
perturbation (blue curves) versus time at different locations. In particular, the left panel
refers to the point at which the split closes (x = −1/2) and the right panel to the mid point
of the split (x = 0). Let us consider the left plot first. In this case the wall shear stresses
generated by the basic flow and the perturbation are almost in phase. This means that where
the split closes (at the end of the vitreoschisis) the total wall shear stress (the sum of basic
flow and perturbation) is expected to be larger than in the absence of vitreoschisis.
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Figure 2.2.5: Perturbation flow field. The Womersley number αr is equal to 0.16, η = 2.5 and
t = π/2 that is the time at which the velocity of the perturbation is maximum. The split is
located along the x axis in the region −1/2 ≤ x ≤ 1/2.
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Figure 2.2.6: Wall shear stress of the basic flow (black curves) and of the perturbation (blue
curves) versus time at different locations and for different values of the Womersley number.
(a) x = −1/2 (in correspondence of the point where the split closes) and (b) x = 0 (in
correspondence of midpoint of the split). The fluid under consideration is viscoelastic with
the parameters αr = 1.6, η = 2.5, which corresponds to the data given by Nickerson et al
[35].

The situation is opposite in x = 0, i.e. at the mid point of the vitreoschisis (plot in the
right). In this case basic flow and perturbation are almost in opposition of phase and thus the
effect of the perturbation is to decrease the wall shear stress compared to the case of absence
of the split.
In figure 2.2.7 we plot the difference between the phases of the basic flow and perturbation
for two different points of the domain - x = −1/2 (where the split closes) and x = 0 (mid
point of the split) for different values of the real Womersey number αr . The loss factor is
fixed and equals to η = 2.5. The results of both plots are given in radians. At the point where
the split closes (figure 2.2.7 (a)) the difference between the phases is relatively small even for
large values of αr , i.e. the perturbation amplifies the resulting value of the maximum wall
shear stress at the re-joining point. The opposite result can be observed at the mid point
(figure 2.2.7 (b)). The basic flow and the perturbation at this point are almost in opposition
of phase and the perturbation will decrease the final value of the maximum wall shear stress
at this point.
These results are better understood looking at figure 2.2.8, where the maximum wall shear
stress in time (obtained by summing up basic flow and perturbation) is plotted as a function
of x. The wall shear stress is normalized with the corresponding value in the absence of
vitreoschisis. In the figure we arbitrarily set the small parameter ε = 0.06. The parameters
in this case are taken to be equal αr = 0.16, η = 2.5. This values correspond to the following
values of the dimensional parameters: ω = 10 s−1 , G0 = 10 Pa and G00 = 3.9 Pa, which were
taken from the Nickerson et al [35]. The black curves corresponds to the normalized maximum
wall shear stress in the presence of the split while the blue ones corresponds the basic flow.
The two vertical red lines show the location of the split: the region of space between the two
red lines is where the no-slip condition is partially relaxed.
In agreement with the speculations put forward the wall shear stress peaks at the ends
of the vitreoschisis and is minimum at its mid point. This is in agreement with the clinical assumption that in the rejoining poits of the split in the vitreous cortex the retina can
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Figure 2.2.7: The difference between phases in radians of perturbation and basic flow in two
different points of the domain - the point where split closes (a) and the middle of the split
(b) for different values of the Womersley number. The loss factor is kept fixed and equals to
η = 2.5.
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Figure 2.2.8: Maximum (in time) wall shear stress (basic flow plus perturbation) with αr =
0.16, η = 2.5 and ε = 0.06, along x direction. The stress is normalized with the value
corresponding to the basic flow (blue line). The red vertical lines mark the boundary of the
split.
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Figure 2.2.9: Maximum wall shear stress for the perturbation at the re-joining point plotted
as a function of αr . The loss factor is fixed and equals to η = 2.5

experience significant tangential tractions.
In figure 2.2.9 we plot the maximum wall shear stress (in time) at the re-joining point
for the perturbation only. The value of the maximum wall shear stress decreases when αr
increases. This implies that when more viscous fluid filles the domain, the stresses at the rejoining point are much higher with respect to the basic state. The fluid under consideration
is viscoelastic and the loss factor equals to η = 2.5.

Three-dimensional model
In figure 2.2.10 we plot the total the maximum total wall shear stress over the surface. We
consider a viscoelastic fluid with the complex modulus equal to G = 10+3.9i Pa and frequency
of oscillations ω = 10 s−1 , which corresponds to the Womersley number α = 0.7969 + 0.5446i
(or αr = 1.6 and η = 2.5). The stress is normalized with the maximum value of the wall shear
stress for the basic flow. The figure shows that in the region where the split closes peaks of
wall shear stress are predicted by the model (dark red regions).
In figure 2.2.11 we plot the corresponding maximum wall shear stress along the equatorial
plane. The red lines indicate the re-joining points of the split. In these regions wall shear
stress peaks, whereas it has a minimum in the middle of the vitreoschisis.
The results of the three-dimensional model along the equatorial plane show a very similar
behavior as those of the flat case model. The values of the wall shear stress at the joining
point can become significantly higher with respect to the basic state during eye rotations.
In figure 2.2.12 we plot the vector field of the velocity at the equatorial plane for the
perturbation at time t = π/2, when the velocity attains its maximum at the wall.
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Figure 2.2.10: Map of the total maximum wall shear stress. The complex Womersley number
equals to αr = 1.6, loss factor - to η = 2.5 and ε = 0.05.
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Figure 2.2.11: Maximum wall shear stress along the equatorial plane θ = π/2. The stress is
normalized with the maximum value of wall shear stress of the basic flow (solid blue line).
The red lines mark the points where the split re-joins. The frequency of oscillations is equal
to ω = 10 s−1 .
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Figure 2.2.12: Velocity vectors on the equatorial plane (θ = π/2) for the perturbation in the
case of viscoelastic fluid with complex modulus G0 = 10 Pa, G00 = 3.9 Pa and a frequency of
oscillations ω = 10 s− 1.

2.2.4

Discussion

In this section we have presented a model of vitreoschisis, i.e. a split in the vitreous cortex that
is found in approximately half of patients with retinal holes and retinal puckers. Vitreoschisis
occurs when the vitreo-macular adhesion is very strong. It is believed that the shear stresses
at the points where vitreous cortex splits are higher with respect to the rest of the retina.
In this section we set up two different mathematical models with the purpose of studying
the mechanics of vitreoschisis. In particular, our aim is to understand how the stress is
distributed along the retina in the presence of vitreoschisis and how the maximum stress on
the retina changes with respect to the normal conditions.
We first presented a simple two-dimensional model in which the retinal wall is described
as a flat surface and the vitreous chamber as a semi-infinite plane. The surface moves harmonically along its plane, to mimic eye rotations. In the second model we consider more
realistic conditions, describing the vitreous chamber as a spherical domain, which performs
small-amplitude torsional rotations around an axis passing through its center. The sphere is
filled with a fluid than can be viscous or viscoelastic.
Both models are based on the assumption that the thickness of the split is much smaller
then the size of the domain. Taking advantage of this assumption we do not model the split
itself in detail but just account for its effect on the fluid flow by modifying the boundary
condition at the wall. In particular, we assume that the effect of the split is to allow some
slip between the fluid and the retina. In other words, in correspondence of the split in the
vitreous cortex we relax the no-slip boundary condition.
In order to make analytical progress in the analysis we have assumed that the relaxation of
the no-slip boundary condition at the wall is “small” which implies that the relative velocity
between the fluid and the wall is small compared with the wall velocity. In this way we
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can make use of a perturbation approach. We thus consider a “basic flow”, which occurs in
the absence of vitreoschisis, and a perturbation to the basic flow, induced by the split. The
perturbation adds a spatial variation of the velocity at the wall.
The advantage of using the two-dimensional model is that it allows us to obtain a fully analytical solution and to easily interpret the results. We show that the three-dimensional model
provides results that are in good qualitative agreement with those of the two-dimensional
case.
The results of both models show that during eye rotations, when vitreoschisis is present,
the values of the maximum wall shear stress on the re-joining points (where the split closes)
is higher with respect to the basic state. This provides a mechanical basis for the clinical
observation that these regions are site of significant tractions.
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2.3

Vitreous humor with inhomogeneous properties

The natural vitreous humor has a complex structure [9, 40, 44] and it is not homogeneous
throughout the vitreous chamber. Moreover, with aging the vitreous gel structure undergoes
a progressive disruption. This happens mostly due to degradation of hyaluronic acid, a main
component of the vitreous gel structure [45]. In addition, the concentration of collagen in the
vitreous structure decreases over time and the vitreous gel collapses. Such a process is known
as syneresis. Liquefaction and syneresis together lead to the formation of the liquid lacunae
in the vitreous humor structure. These lacunae have a very low collagen concentration with
respect to the rest of the vitreous. The decreasing of collagen concentration presumably leads
to lower viscosity and/or lower elasticity in these regions. The presence of liquefied regions
close to the interface with the retina can lead to the posterior vitreous detachment (PVD),
which is harmless in most of the cases.
However, PVD in some cases may be incomplete. This leads to the regions of stronger
vitreo-macular adhesion. Shear and normal forces at these regions may cause retinal damage
and, consequently, lead to retinal detachment.
In one of the previous sections (2.1) we recall the work of previous authors [1, 2], where
the vitreous chamber is modeled as a spherical cavity and the vitreous humor is considered
as a homogeneous viscous or viscoelastic fluid. The results show that the shear stress grows
with the fluid viscosity, and the viscoelastic fluid can be resonantly excited by eye rotations,
leading to large values of the shear stress on the retina.
In section 2.1 we considered a vitreous humor as a homogeneous fluid. In the current
section we wish to study shear and normal stresses distribution on the retina in the case
of non-homogeneous vitreous properties. In particular, we investigate how the presence of
regions with larger viscosity (and viscoelasticity), which can be representative of regions with
strong vitreo-macular adherence, might change tractions on the retina during eye rotations.
We model the vitreous chamber as a sphere, which is filled with a fluid that has small
variations of its properties throughout the domain; i.e. we assume that the difference in the
viscosity and elasticity in different regions of the vitreous is small. This allows us to use a
perturbation approach as in the previous section. We assume that in the basic state the fluid
is homogeneous, and the perturbation describes the variations of the mechanical properties
of the fluid. The solution of the basic flow is exactly the same as was described in section 2.1.
The solution for the perturbation is solved by expanding the unknown quantities in terms of
vector spherical harmonics and solving the resulting system numerically.

2.3.1

Problem definition

We model a vitreous chamber as a sphere of a radius R∗ that performs small amplitude
harmonic torsional rotations around the axis that passes through its center with frequency ω ∗ .
As in the previous section it is convenient to work in spherical coordinates (see figure 2.1.1).
The velocity vector u∗ is composed of the radial u∗ , zenith v ∗ and azimuthal w∗ components.
The angular displacement of the sphere β is again described by following time law
β = −A cos(ω ∗ t∗ ),

(2.3.1)

where we assume A  1. This implies that the velocity of the domain is given by
u∗ = Aω ∗ R∗ sin θ sin(ω ∗ t∗ )φ̂.

(2.3.2)
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In order to model a realistic situation, the domain is filled with a viscoelastic fluid that
has properties which are non homogeneous throughout the domain, i.e. we assume that the
viscous and elastic component of this fluid varies in space in a given way.
The motion of the vitreous humor in the domain is governed by the linearized (following
the assumption A  1) Navier-Stokes and continuity equations. The boundary conditions we
impose are regularity condition at the center of the domain (r∗ = 0) and the no-slip condition
at the wall (r∗ = R∗ ).
In this model we assume that the variation of the vitreous humor properties, such as
viscosity and elasticity, are of order δ, where δ  1, anywhere in the domain.
We denote by G∗ (r∗ , θ, φ) the complex modulus that describes the viscosity and elasticity
of the fluid throughout the domain. Based on the assumption explained above we decompose
complex modulus as follows
G∗ (r∗ , θ, φ) = G∗0 (1 + δG1 (r∗ , θ, φ)),

(2.3.3)

where G∗0 is a constant function all over the domain and G1 is a continuous function, describing
spatial variation of the fluid properties.
In the same manner we decompose the velocity vector and pressure field in a basic flow
and a perturbation
∗

u∗ = U + δû∗ ,
∗

∗

∗

p = P + δ p̂ .

(2.3.4a)
(2.3.4b)

The no-slip boundary condition holds. For the leadint order (δ 0 ) the velocity at the boundary
equals to the velocity of the domain (equation (2.3.2)). In order to pass from dimensional to
dimensionless variables we use the following scaling:
r∗ = R∗ r,
∗

∗

(2.3.5a)
∗

u = ω R u,
∗

∗ ∗2

(2.3.5b)

∗2

p = ρ ω R p.

(2.3.5c)

The dimensionless parameter of the system is complex Womersley number α which equals to
s
ρ∗ ω ∗ R∗2
(2.3.6)
α=
G∗0 /(iω ∗ )
Now we solve two problems separately and the final solution is given by the sum of the
leading order (δ 0 ) and perturbation (δ 1 ) problems.

2.3.2

Leading order problem (δ 0 )

Collecting the terms of order δ 9 we obtain that the pressure, radial and zenithal components
of the velocity are equal to zero
P = 0,

U = 0,

V = 0,

(2.3.7)

and the system reduces to the single partial differential equation the solution of which is
identical to one in the section 2.1

iA sin(kr) − kr cos(kr)
 sin(θ) + c.c.,
W =−
(2.3.8)
2r2 sin(k) − k cos(k)
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√
where k = α −i; and c.c. stands for the complex conjugate.
The dimensionless wall shear stress corresponding to the basic flow, scaled with Aρ∗ ω ∗2 R∗2 ,
is given by the following expression
T =−

2.3.3

1
1
3
− 2 sin θ + c.c.
2 1 − k cot k k

(2.3.9)

First order problem(δ 1 )

The first-order problem is governed by the Navier-Stokes and continuity equations. The
boundary conditions are the regularity condition at r = 0 and no-slip condition at r = 1. As
in the case of the basic flow, we apply a separation of temporal and spatial dependencies as
follows
û(r, θ, φ, t) = u(r, θ, φ)eit + c.c.,
it

p̂(r, θ, φ, t) = p(r, θ, φ)e + c.c.,

(2.3.10a)
(2.3.10b)

We denote by Σ1 the Cauchy stress tensor at order δ 1 . It is given by expression
Σ1 = −pI +

2
2
D1 + 2 G1 D0 .
2
α
α

(2.3.11)

D0 and D1 are the rate of deformation tensors for the base and perturbed flows respectively.
Then the governing system of equations reads
iu = ∇ · Σ1 ,

(2.3.12a)

∇ · u = 0,

(2.3.12b)

|u| < M, M ∈ R (r = 0),

(2.3.12c)

u = [0

(2.3.12d)

0

0]

(r = 1).

Substituting the expression of the Caushy stress tensor 2.3.11 into the governing equation 2.3.12a we get
iu = −∇p +


1 2
1 
2
∇
u
+
G
∇
U
+
2∇G
·
D
,
1
1
0
α2
α2 |
{z
}

(2.3.13)

F

where the components of the vector F(r, θ, φ) = [F1 , F2 , F3 ] depend on the solution of the
leading order problem U and the choice of the function G1 (r, θ, φ). The components of this
vector in the general case are given by:
1 ∂G1  0 1 
g − g ,
r ∂φ
r
F2 = 0,
∂G1  0 1 
F3 =
g − g sin(θ) + iα2 gG1 sin(θ).
∂r
r
F1 =

(2.3.14a)
(2.3.14b)
(2.3.14c)

In order to solve the problem at first order (δ 1 ), u, p and F are expanded in terms of
spherical harmonics.
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The scalar spherical harmonics of degree n and order m, for n ≥ 0 and −n ≤ m ≤ n are
defined by equations (2.2.37) and (2.2.38). The vector spherical harmonics of degree n and
order m, Pmn (θ, φ), Bmn (θ, φ) and Cmn (θ, φ) are defined for n ≥ 0 and −n ≤ m ≤ n by the
equation (2.3.15). The unknown terms of the system, expanded in spherical harmonics:
∞ X
n
h
i
X
u=
Umn (r)Pmn (θ, φ) + Vmn (r)Bmn (θ, φ) + Wmn (r)Cmn (θ, φ) ,
(2.3.15a)
P =
F=

n=0 m=−n
∞ X
n
X

Pmn (r)Ymn (θ, φ),

n=0 m=−n
∞ X
n
h
X

(2.3.15b)

i
F1mn (r)Pmn (θ, φ) + F2mn (r)Bmn (θ, φ) + F3mn (r)Cmn (θ, ρ) ,

(2.3.15c)

n=0 m=−n
mn(r)

where the functions to determine are U1mn (r), V1
, W1mn (r) and P1mn (r). The coefficients
F1mn (r), F2mn (r) and F3mn (r) are known and depend on the definition of the complex modulus
G1 (r, θ, φ).
The boundary conditions of the problem are homogeneous. The governing equations for
every n and m become:

d
1 
2
2sn
1
iUmn = − Pmn + 2 Dn − 2 Umn + 2 Vmn + 2 F1mn ,
(2.3.16a)
dr
α
r
r
α


sn
1 2sn
1
iVmn = − Pmn + 2
Umn + Dn Vmn + 2 F2mn ,
(2.3.16b)
2
r
α
r
α
1
1
iWmn = 2 Dn Wmn + 2 F3mn ,
(2.3.16c)
α
α
where Dn is defined as
2 d
s2
d2
− n2 .
(2.3.16d)
Dn = 2 +
dr
r dr
r
The continuity equation is given by
2
d
sn
+
Umn − Vmn = 0.
(2.3.17)
r dr
r
For n = 0 and m = 0 the problem is given by:
2
00
U00 + U00
= 0,
(2.3.18a)
r
00
r2 V00 + 2rV00
+ a2 r2 V00 = −α2 r2 F200 ,
(2.3.18b)
00
r2 W00 + 2rW00
+ a2 r2 W00 = −α2 r2 F300 ,

(2.3.18c)

where the symbol (0 ) denotes the derivation with respect to the radial coordinate r. The
solution reads
C 00
U100 = 02 ,
(2.3.19a)
r
Z
Z
sin(ar)
cos(ar) α2 sin(ar)
α2 cos(ar)
V100 = C100
+ C200
−
rF200 cos(ar)dr +
rF200 sin(ar)dr,
r
r
ar
ar
(2.3.19b)
Z
Z
2
2
sin(ar)
cos(ar) α sin(ar)
α cos(ar)
W100 = C300
+ C400
−
rF300 cos(ar)dr +
rF300 sin(ar)dr.
r
r
ar
ar
(2.3.19c)
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For any n > 0 the equation for Umn reads:
0000

000
00
0
r4 Umn + 8r3 Umn
+ r2 Umn
(12 − 2s2n + a2 r2 ) + 4rUmn
(k 2 r2 − s2n )
d
+Umn (s4n − 2s2n + 2k 2 r2 − s2n k 2 r2 ) = sn r2 (sn F1mn − F2mn − r F2mn )
dr

(2.3.20)

We denote by F̃ the inhomogeneous part of the equation above by
0

F̃ = sn r2 (sn F1mn − F2mn − rF2mn ).

(2.3.21)

The solution for the Umn then is given by
Umn = C1mn rn−1 +C2mn

Jn+1/2 (ar)
r3/2

+r−n−1 I1 +rn−1 I2 +

Jn+1/2 (ar)
r3/2

I3 +

Yn+1/2 (ar)
r3/2

I4 , (2.3.22)

where the integrals I1 , I2 , I3 and I4 depend on the definition of the complex modulus and
can be found numerically.


Z 1 rn J
n+1/2 (ar)Yn+3/2 (ar) − Jn+3/2 (ar)Yn+1/2 (ar) F̃ π
I1 =
dr,
(2.3.23a)
2a(2n + 1)
0


Z 1 r1−n − J
(ar)Y
(ar)
+
J
(ar)Y
(ar)
F̃ π
n+1/2
n+3/2
n+3/2
n+1/2
I2 =
dr,
(2.3.23b)
2a(2n + 1)
0
Z 1
π F̃ Yn+1/2 (ar)
I3 =
dr,
(2.3.23c)
2r3/2 a2
0
Z 1
π F̃ Jn+1/2 (ar)
I4 = −
dr.
(2.3.23d)
2r3/2 a2
0
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Figure 2.3.1: Viscosity distribution over the surface of the sphere. The maximum value of
the viscosity is reached at the point (x, y, z) = (1, 0, 0) or (ρ, θ, φ) = (1, π/2, 0)

(a)

(b)

(c)

Figure 2.3.2: Two-dimensional view on the viscosity distribution - three cuts are made normal
to x, y and z directions respectively.

2.3.4

Results

The model aims to show how the stresses generated on the retina due to eye rotations are
distributed in the case of real vitreous humor, which is a viscoelastic fluid with properties
varying in space.
As a first case we have considered a purely viscous fluid, the viscosity of which has a
Gaussian distribution, in order to model the situation when the viscosity of the vitreous
humor has its maximum value at the back of the eye and it decreases throughout the domain
(see figure 2.3.1 and 2.3.2). The mathematical expression describing this variation is as follows
2

2

2

G1 = ie−(x−1) e−y e−z ,

(2.3.24)

so that the maximum viscosity value is on the boundary of the domain at the point (x, y, z) =
(1, 0, 0).
In figure 2.3.3 we plot the maximum wall shear stress (WSS). Note that we plot here only
the perturbation induced by the variation of the viscosity with respect to the baseline level.
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Figure 2.3.3: Maximum wall shear stress for the viscosity plotted on figure 2.3.1.
The WSS peaks where the viscosity is larger than normal.
In figure 2.3.4 we plot the velocity profiles (again only the perturbation with respect to
the basic flow) on the plane θ = π/2 at two different instants of time (t = 0, π/2). In the
figure colors represent the perturbation of the viscosity. It appears that the velocity is larger
where the viscosity is larger, since there the velocity of the wall is transmitted into the fluid
more efficiently.

2.3.5

Discussion

In this section we studied the fluid motion in the spherical domain, that models vitreous
chamber of the eye. The main purpose of this work was to investigate what happens in the
real eye when vitreous undergoes natural changes in its structure due to aging. In particular,
it is known, that vitreous humor loses hyaluronic acid and the concentration of collagen
decreases in some parts of its regions. Both, hyaluronic acid and collagen, are responsible
for the elasticity of the vitreous humor and their decrease leads to formation of regions in
the vitreous chamber with lower viscosity and/or elasticity. On another hand, vitreous can
have regions of higher viscosity and/or elasticity. We aimed in this work to study how such
a spatial inhomogeneity in the mechanical properties of the vitreous humor influences the
resulting stresses on the retina, generated by eye rotations.
We assumed that the variation of the vitreous humor properties throughout the domain
is small, which let us apply a perturbation approach. The solution of the basic flow, which
corresponds to the case of homogeneous fluid filling the domain, is given in section 2.1. The
perturbation takes into account the variation of mechanical properties of the vitreous humor in
space. The solution was found by expanding all the variables in terms of spherical harmonics.
The problem has an analytical solution apart from the final integrals, which depend on the
definition of the function describing the viscosity and elasticity in space. These integrals were
computed numerically.
This model gives us better understanding of what could happen in reality when vitreous
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(b)

Figure 2.3.4: Velocity distribution on the plane θ = π/2 for two different instants of time (a) t = 0 and (b) t = π/2. The color bar represents the values of the perturbation of the
viscosity.
undergoes changes in its structure due to the aging. In particular, we show that inhomogeneity
of its mechanical properties can leads to the generation of high stresses on the retina, which
may be related to the formation of retinal holes and retinal breaks. This observation is in
agreement with the clinical finding that a inhomogeneous vitreous is required in order to
generate potentially harmful tractions on the retina [46].

Chapter 3

Mathematical models of the
vitreous chamber in the presence of
hydrophobic tamponade fluids
Vitrectomy is a surgical approach to treat retinal detachment, which aims to relieve vitreous
tractions on the edge of the retinal breaks [47]. In order to obtain the closure of the passage
between the preretinal and subretinal space, it is necessary to induce the retinopexy between
retina and choroid. Intraocular tamponades used during vitreoretinal surgery aim at facilitating retinopexy, keeping the contact between retina and choroid in correspondence of the
retinal break, until the chorio-retinal scar is well formed [48]. In the early post-operative
period the patient has to maintain a precise head position after the surgery, in such a way as
to maintain the tamponade fluid in contact with retinal breaks [49].
Typically tamponade fluids used during vitrectomy to treat retinal detachments are hydrophobic. As a consequence of such a property, a thin layer of aqueous is invariably present
between the retina and the intraocular tamponade agent.
For a given volume of tamponade fluid injected in the eye, the tamponated retinal surface
is strongly affected by the shape of the interface between the tamponade fluid and the aqueous
humour. In section 3.1 we study the equilibrium configuration of the interface between the
tamponade fluid and aqueous humour, which depends on the physical properties of both
fluids, (in particular on density difference, surface tension, contact angle with the retina), on
the geometry of the domain and on head orientation.
How the mechanical actions on the retina would change due to the presence of an aqueous
layer that separates the tamponade from the retina is not obvious. In section 3.2 we adopt an
idealized geometry consisting of a rigid sphere filled with two immiscible fluids (aqueous and
vitreous substitute) arranged concentrically, with the aqueous in the external layer, in other
words we assume that the thickness of the aqueous layer is uniform over the surface of the
retina. This allows us to solve the problem for the motion of two fluids analytically including
the maximum value of the shear stress on the wall (retina).
A common problem related to usage of tamponade fluids is generation of emulsion, i.e. the
formation of droplets of oil inside the aqueous solution. It is believed that shear instability of
the aqueous humour-vitreous substitute interface might be a possible mechanism leading to
the emulsification. In section 3.3 we study numerically the linear stability of such interface
in the case of a simple two-dimensional geometry using normal mode analysis and assuming
48
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quasi-steady approach.

3.1

Equilibrium shape of the aqueous humour-vitreous substitute interface in vitrectomized eyes

The development of rhegmatogenous retinal detachment (RRD) classically involves the presence of three factors: vitreous traction on the retinal surface, full-thickness retinal breaks, and
liquefied vitreous allowing the passage of fluid from the preretinal space, through the retinal
breaks (RBs), into the subretinal space [50]. The intraocular surgical approach to treat RRD
is vitrectomy that aims to relieve vitreous tractions on the edge of the RBs [47]. In order
to obtain the closure of the passage between the preretinal and subretinal space, it is necessary to induce the retinopexy between retina and choroid by closing the passage between the
preretinal and subretinal space. Intraocular tamponades, used during vitreoretinal surgery,
aim at facilitating retinopexy, keeping in contact retina and choroid in correspondence of the
RBs until the chorio-retinal scar is well formed [48]. In the early post-operative period, the
patient has to maintain a precise head position after the surgery in such a way as to maintain
the tamponade fluid in contact with the RBs [49].
Due to the hydrophobic properties of tamponade fluids used after vitrectomy a pocket of
aqueous humor is invariably present in the vitreous chamber after surgery. The maximum
filling that the surgeon normally can obtain is approximately 90% of the volume of the vitreous
chamber [51]. For a given volume of tamponade fluid injected in the eye, the tamponated
retinal surface is strongly affected by the shape of the interface between the tamponade fluid
and the aqueous humor. The difference between densities of two fluids, surface tension,
contact angle and head position (i.e. the direction of gravity) define the final equilibrium
configuration of the interface.
This problem was studied by Eames et al. [52], who modeled the vitreous chamber as
a sphere, filled with two different fluids, and determined the shape of the interface using
a mathematical approach as well as experiments on a physical model. From their analysis
the authors obtained a relationship between retinal coverage and the volume of the injected
tamponade fluid.
The main assumption underlying the work by Eames et al. [52] is related to the use of
a spherical eye model. In reality, the vitreous chamber is not spherical, in particular owing
to the indentation produced in the front part by the lens. The change of concavity of the
domain in the anterior part is likely to significantly affect the shape of the interface and it is
therefore of clinical interest to study the equilibrium configuration of a tamponade fluid in a
realistic eye geometry. In addition, it is relevant to understand how the interface shape might
change in myopic eyes, which are at a higher risk of developing retinal detachment and the
shape of which is different with respect to that of emmetropic eyes.
To increase the success rate of the surgery it is important to predict the surface of the
retina that will be effectively tamponated. In this work we compute the shape of such an interface, both in emmetropic and myopic eyes, which are characterized by vitreous cavities with
different geometries. We first consider idealized but realistic shapes of the vitreous chamber
and then also use a real eye geometry, reconstructed from magnetic resonance imaging (MRI)
measurements. We focus our attention to cases in which the patient maintains the upright
position, but the method could be applied to other cases without additional difficulties.
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CHAPTER 3. VITREOUS SUBSTITUTES

Description of the model

The shape of the interface is computed numerically using the VOF (volume of fluids) method.
The basic idea of the method is to introduce a function F , which gives the volume fraction
of the tracked phase in the computational cell. This function is equal to 1 when the cell in
entirely occupied by one fluid, vanishes when it is entirely occupied by the other fluid and
assumes intermediate value when the cell contains the interface.


cell is occupied by fluid 1,
1
F = 0
cell is occupied by fluid 2,


(0, 1) cell contains interface.

(3.1.1)

An additional equation for the function F is introduced, which imposes that F moves together
with the fluid (its material derivative is zero)
DF
∂F
=
+ u · (∇F ) = 0
(3.1.2)
Dt
∂t
The VOF method is known to provide a simple and economical way of tracking an interface
between two fluids in three-dimensions [53, 54]. The details of the method are given in the
Appendix.
Numerical simulations are performed using the free software OpenFoam [55]. All meshes
are generated using the snappyHexMesh tool by OpenFoam, which produces unstructured
meshes consisting of tetragonal and hexahedral volumes. We perform fully three-dimensional
simulations using meshes consisting on average of 1.7 millions volumes, and run the code in
parallel on a 32 processor computer. For all simulations careful mesh-independence tests have
been carried out.
The numerical simulations are run by imposing the volume ratio (ratio of the volume of
the injected tamponade fluid to the total volume of the domain) and setting an initially flat
and horizontal shape of the interface. Advancing in time the interface evolves towards its
equilibrium shape. When a steady solution is obtained, the simulation in completed.
Viscosity does not affect the final configuration reached by the interface. However, it
affects the transient phase of the computation, before the steady state is reached. If the
viscosity of the two fluids is very large convergence is reached over long times. On the other
hand, in the case of low viscosity, waves may form on the interface that can lead to numerical
instabilities. In the simulations we tuned the values of the viscosities of two fluids in order to
optimize numerical efficiency.

3.1.2

Model geometry

We first consider idealized, yet realistic shapes of the vitreous chamber of the eye. The
geometry is constructed on the basis of data from Atchison et. al [5]. The vitreous chamber
for an emmetropic eye is shown in Figure 3.1.1(a) on a vertical cross-section of symmetry. The
domain is axisymmetric with respect to the horizontal axis that passes through the center of
the lens.
Geometries representing myopic eyes are also considered in this section and are constructed
using data reported by Atchison et al. [6] (see table 1 of their paper), by stretching the emmetropic eye shape in all directions. For simplicity, we maintained the domain axisymmetric,
thus imposing that the inferior-superior and nasal-temporal lengths of the vitreous chamber
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S.O.
22 mm

R = 6 mm
Interface

Inferior-superior direction

Inferior-superior direction

16 mm

A.H.
Anterior-posterior direction
(a)

Anterior-posterior direction
(b)

Figure 3.1.1: (a) Vertical symmetry cross-section of the domain for an emmetropic eye. The
domain is filled with two immiscible fluids: the tamponade fluid (T.F.) and the aqueous
humor (A.H.). All geometrical measurements are taken from Atchison et al. [5]. (b)Vertical
cross-sections of myopic eyes. The domains have been obtained stretching the shape of the
emmetropic eye in all directions, according to Atchison et al. [6]. In the figure the black line
corresponds to the normal eye, blue line refers to myopic eyes with an axial length of 25.5
mm, height and width of 22.3 mm and red line to an axial length of 26.6 mm, height and
width of 22.85 mm.

are equal to each other (we took the average of the values reported by Atchison et al. [6] for
such lengths). In fact, according to table 1 in the authors’ paper, differences between these
two lengths are very small. Various myopic eye shapes reconstructed in this way are shown
in figure 3.1.1(b), corresponding to different refractive errors.
Obviously, real eyes have more complex shapes than this. However, adopting idealized
but realistic geometries allows us to draw general conclusions.
The real eye shape is also considered, with the purpose of showing that the present mathematical model is also applicable in such cases. Contours of real eyes were obtained from
high-resolution MR-images by collaborators at the University of Leiden, The Netherlands.
In the following we briefly recall the procedure adopted for reconstructing the geometry of
the vitreous chamber. The interested reader should refer to the original papers where the
methodology is described in detail [56]. Ocular MRI measurements were performed on a
Philips (Best, The Netherlands) Achieva 7 Tesla whole body magnet using a custom-made
receive eye coil [57]. The images were acquired using a 3D inversion recovery turbo gradient
echo technique with an inversion time of 1280 ms, a shot interval of 3 s, and a turbo field
echo factor of 92. The TR/TE/flip angle were: 2.5 ms/4.55 ms/160 . A cued-blinking protocol
was used to minimize eye-motion artefacts [58]. The scan resulted in a spatial resolution of
0.5×0.5×1.0 mm3 and the scan time was slightly less than 3 minutes.
The MR-images were subsequently segmented semi-automatically by in-house developed
software, based on the rapid-prototyping platform MevisLab (Fraunhofer MeVis, Bremen,
Germany). The central axis, the MR equivalent of the optical axis, was defined as the line
from the center of the lens to the center of the vitreous body. A study on the reliability of
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Figure 3.1.2: Reconstructed shape of the vitreous body of an emmetropic eye from MRI.
the technique showed a good agreement with partial coherence interferometry with a mean
difference of 0.08 mm between the segmented MR-data and biometry [56]. An example of a
reconstructed shape of the vitreous chamber is shown in figure 3.1.2.

3.1.3

Model validation

In order to validate the numerical model we compared the numerical results with the predictions of a home-made numerical model, that computes the shape of the interface between
two fluids in a spherical domain. Owing to the axisymmetry of the sphere, in this case the
problem reduces to compute the shape of a line, which is the intersection of the interface with
a vertical plane across the axis of symmetry (figure 3.1.3).
Mathematically this problem is governed by a system of ordinary differential equations,
derived from Laplace-Young law [59]. This problem was studied also by Eames et al. [52].
The Laplace-Young equation is given by:
2km =

∆ρg
xI + B,
γ

(3.1.3)

where the parameters are defined below.
• km is the mean curvature of the interface between two fluids; and it equals the divergence
of the normal to the interface
2km = −∇ · n,
(3.1.4)
where the choice of the normal defines the sign of the curvature. The curvature is
positive if the surface curves towards the normal;
• ∆ρ = ρ2 − ρ1 is the density difference;
• g is the acceleration due to gravity;
• γ is the surface tension between two fluids;
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Fluid 2
α

ψ
(0,0)

g

y

x

Fluid 1

Figure 3.1.3: Cross-section of the spherical domain with two superposed fluids. The origin in
placed in the lowest point of the interface between fluids. The governing system of ordinary
differential equations is given in terms of parameter ψ, a slope angle of the interval [0, α] with
α being a contact angle.
• xI = xI (y) is the unknown shape of the interface between two fluids (see figure 3.1.3
for the coordinate system);
• B is a constant, equal to the value of the mean curvature at the origin.
It is convenient to use a parametric representation of the function defining the position of
the interface in terms of the slope angle ψ (figure 3.1.3):
x = x(ψ),

y = y(ψ),

ψ ∈ [0, α],

(3.1.5)

where α is the contact angle between the interface and the wall (retina). The governing
system is given by two ODEs:
sin ψ
dy
cos ψ
dx
=
;
=−
,
dψ
Q
dψ
Q
x(0) = 0; y(0) = 0,
sin ψ ∆ρ
Q=
−
x − B.
y
γ

(3.1.6a)
(3.1.6b)
(3.1.6c)

The value of the mean curvature at the origin B is initially unknown, i.e. the system has to
be solved iteratively. In order to solve the system of equations we adopt the bisection method
(see figure 3.1.4).
It requires two initial guesses for the unknown variable B: B1 and B2 such that the values
of the resulting contact angle α1 (B1 ) and α2 (B2 ) after integration satisfy the condition
(α1 − α) · (α2 − α) < 0.

(3.1.7)

The interval (B1 , B2 ) is divided into two and then one of the values of B is updated in such
a way that the condition (3.1.7) holds. The iteration method proceededs until a desirable
tolerance is reached:
|α1 − α2 | < tol,
(3.1.8)
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α1
α

α2
O
Figure 3.1.4: In this figure we demonstrate the idea of the bisection method. The thick black
line is the boundary of the domain. The integration starts from the origin O. Starting with
two initial guesses for the value of mean curvature at the origin - B1 and B2 - we obtain two
different resulting curves for the shape of the interface - red for the B1 and blue (solid) for
the B2 . Each of them results corresponding value of the contact angle α1 and α2 . Then we
compute the mean value between B1 and B2 wich defines the new value either for B1 or B2 ,
such that the curve we are looking for (black line) is placed between two resulting curves.
This require that the signs of the differences (α − α1 ) and (α − α2 ) were different. Updating
the value for B2 (in this case) we get the new curve - dashed blue - and new value for the
α2 . This process of undating B1 and B2 we continue till the difference between α1 and α2 is
small enough, i.e. both curves are pleced very close to the correct one.
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(b)

Figure 3.1.5: Equilibrium shapes of the interface in the spherical domain from the analytical
solution (solid lines) and from the numerical model(dots) for different volume fractions of the
tamponade fluid. (a)Silicone oil; (b) gas. The arrows indicate decreasing values of volume
fraction.
i.e. the value of contact angle equals to its real value with the given tolerance.
In figure 3.1.5 we plot the shape of the interface on a cross-section of the sphere. The
solid line is obtained with the axysimmetric model, whereas dots are relative to the fully
three-dimensional numerical solution obtained with the VOF method. Figure 3.1.5(a) refers
to the case of aqueous-silicone oil interface and figure 3.1.5(b) to the gas-aqueous interface. In
both cases the fluid below the interface is aqueous humour. The different curves correspond
to different volume ratios. Invariably, the results from the two approaches are in very good
agreement, which confirms suitability of the VOF method for the purpose of this work.

3.1.4

Results

Emmetropic eyes
We first consider the case of emmetropic eyes with the idealized eye shape reported in figure
3.1.1. Various equilibrium configurations of the interface are shown in figure 3.1.6. Each
curve corresponds to a different degree of filling of the vitreous chamber by the tamponade
fluid. Figures 3.1.6(a,b) are related to the case of SO and figure 3.1.6(c,d) to the case of gas.
In figure 3.1.7 we show three-dimensional views of the interface, corresponding to the case
shown in figure 3.1.6 (a) and (c) for a filling ratio VT.F. /V = 0.85, where VT.F. denotes the
volume of the tamponade fluid and V the total volume of the vitreous chamber. Figures 3.1.7
(a) and (b) correspond to the cases of SO and gas, respectively.
The equilibrium shape of the interface in the real eye is significantly different from that
in a sphere. This is most evident looking at the anterior-posterior cross-section (figures 3.1.6
(a),(c)). The indentation produced by the lens, since it induces a change of the concavity of
the domain, has a strong effect on the interface shape. In particular, the elevation reached by
the interface in the front and back regions of the domain can be very different. Interestingly
enough the contact line is higher in the front of the eye for high degrees of filling and the
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opposite happens when the filling degree is small (figure 3.1.6(a)).
Comparing the case of the SO to the case of the gas (figures 3.1.6(a,b) vs 3.1.6(c,d)) it
appears that the interface is flatter in the case of gas and thus the gas has better tamponating
properties than the SO. This is clearly shown in Figure 3.1.8, where we plot the relative
tamponated surface (i.e. the ratio between the surface of vitreous chamber in contact with
the tamponade fluid Stamponated and the total bounding surface of the vitreous chamber S) as
a function of the volume fraction VT.F. /V . The two curves refer to SO and gas, respectively.
The curve corresponding to gas is invariably higher than that corresponding SO. This implies
that, for a given amount of tamponade fluid injected into the eye (a given ratio VT.F. /V ), the
amount of surface tamponated by the gas is larger than that tamponated by the SO.
In Figure 3.1.9 we show the interface shape obtained in the case of a real emmetropic vitreous chamber reconstructed from MRI images, the geometry of which is shown in Figure 3.1.2.
The curves correspond to those shown in Figure 3.1.6. In Figure 3.1.8 we also report, with
open symbols, the results obtained for the case of the real eye. The model predictions for
the idealized and the real geometry are very close to each other. Also in the case of the real
geometry the curves corresponding to SO and gas are clearly separated, with that relative to
gas showing a larger amount of tamponade surface compared to SO.
In addition to the relative tamponaded area we also calculated the angular coverage of
the retina. In this case we only considered the surface of the vitreous chamber covered by
the retina. Following the clinical practice this is defined as the region posterior to a plane
orthogonal to the axis of the eye and at a distance of 6 mm from the limbus in the anteroposterior direction (see Figure 3.1.10a). We then introduce the angles Ψ and Φ, shown in
Figure 3.1.10 and defined as follows. The angle Ψ is the angle of retinal coverage along an
antero-posterior plane orthogonal to the equator (see Figure 3.1.10 (a)); the angle Φ is the
retinal coverage along the equatorial plane (see Figure 3.1.10(b)).
Comparisons of the tamponade properties of a SO and gas in terms of these quantities
are shown in Figure 3.1.11. Again it appears that the gas has better tamponating properties
than the SO.

Myopic eyes
We now show the results obtained in the case of myopic eyes and compare them to those
found in emmetropic eyes. For the sake of space we consider here only the case of SO. The
results for the gas would be analogous but the differences with normal eyes would be smaller
than those obtained for the SO, owing to the fact that the interface in the former case is
flatter than in the latter.
In figure 3.1.12 we plot the equilibrium shape of the interface for the case of a myopic eye,
considering an eye with axial length of 26.6 mm. This figure is analogous to figure 3.1.6(a,b),
i.e. we consider three different volume fractions of the SO.
In Figure 3.1.13 we plot the relative tamponated retinal area versus the filling ratio for
the case of the emmetropic eye and the corresponding curve for a highly myopic eye. The
figure shows that the tamponating effect in the case of the myopic eye is smaller than in
the emmetropic one. In fact, the relative tamponated surface Stamponated /S monotonically
decreases with the axial length of the eye, as it is shown in Figure 3.1.14.
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Nasal-temporal direction
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Nasal-temporal direction
(d)

Figure 3.1.6: Resulting shape of the interface in the normal eye for the SO (a,b) and gas (c,d).
For both cases we considered three different degrees of filling (VT.F. /V = 0.6, 0.75, 0.9). The
arrows indicate decreasing values of VT.F. /V .
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(a)

(b)

Figure 3.1.7: Three-dimensional view of the interface shape from two different visual angles.
Figure (a) is obtained from the simulation for the SO and figure (b) - for the gas. The degree
of filling is VT.F. /V = 0.85 in both cases.
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Figure 3.1.8: Relative tamponaded surface as a function of the volume fraction for the case
of SO and gas. Solid symbols refer to the idealized shapes of the vitreous chamber and open
symbols to a real, reconstructed eye.
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Figure 3.1.9: Equilibrium shapes of the interface in the real eye domain for the SO (a,b) and
gas (c,d). The degrees of filling are VT.F. /V = 0.6, 0.75, 0.9. The arrows indicate decreasing
values of VT.F. /V .
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Ψ

Φ

(a)

(b)

Figure 3.1.10: Coverage angles Ψ and Φ. In figure (a) we show the way we measure the
coverage angle Ψ on the antero-posterior cross-section and in figure (b) the angle Φ on the
equatorial plane.
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Figure 3.1.11: Coverage angles Ψ and Φ in degrees versus the filling ratio VT.F. /V in the case
of SO and gas.
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Figure 3.1.12: Equilibrium shapes of the interface in a highly myopic eye for the cases of SO.
Axial length is 26.6 mm, height and width are 22.75 mm. The arrows indicate decreasing
values of VT.F. /V and the volume fractions are the same as in figure 3.1.6.
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Figure 3.1.13: Relative tamponated surface as a function of the volume fraction for an emmetropic and a highly myopic eye, in the case of SO. The axial length is 24.6 mm.
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Figure 3.1.14: Relative tamponated surface in the case of SO as a function of the axial length.
Filling ratio VT.F. /V = 0.81.

3.1.5

Discussion

Tamponade compounds play an important role in the treatment of retinal detachment. In
order to get the best tamponating effect, the surgeon aims to reach a complete filling of
the vitreous cavity with the endotamponades at the end of the surgery. Previous reports
showed that in the surgical practice the surgeon can not achieve a 100% filling of the vitreous
cavity with the tamponade [60] and, an under filling is always present due to the hydrophobic
properties of the tamponade. The filling ratio that can be effectively obtained is also affected
by the shape of the eyeball and the physical properties of the fluids (mainly their interfacial
tension and density). Owing to incomplete filling, the endotamponade is kept away form the
retina at least in certain regions of the vitreous chamber, leaving a portion of the retinal
surface without any support. Considering that RBs are often multiple and are localized in
different quadrants of the retinal surface, it is important for the surgeon in his daily practice
to have a better understanding of the shape of the vitreous substitute-aqueous interface and,
hence, of the tamponating effect.
Hillier et al [61] investigated the influence of axial myopia on the tamponade efficacy. The
experiments were conducted in vitro using 19-mm and 25-mm spherical model chambers to
mimic the vitreous cavity. The tamponating efficacy was estimated by measuring the maximum height of the bubble and the arc of contact subtended by the bubble. The authors
reported no significant difference in tamponade efficacy according to the size of the eye chamber simulator. The main limit of such a remarkable experiment is the assumption of spherical
shape of the vitreous chamber.
In our work we employed a mathematical model and studied the tamponating effect of
two different fluids used during the vitrectomy: intraocular gas and SO. We note that the
model is based on the solution of well known equations and numerical methods and the results
should be expected to be highly reliable.
We considered idealized eye shapes and real eye geometries obtained from MRI-images.
In addition to this we also considered idealized eyes with different degrees of myopia. We
restricted our attention to the case in which the patient keeps an upright position, however,
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the method could be easily adopted to treat cases of different head orientations.
The results show that for patients in the upright position the geometry of the vitreous chamber has a significant impact on the final equilibrium configuration of the interface
between the two fluids. This is because the interface intersects the anterior region of the
vitreous chamber, where the indentation produced by the lens induces a significant change in
the curvature of the vitreous chamber wall.
Gas showed better tamponating properties than SO. This is due to two combined effects.
First, the contact angle is smaller in the case of the SO and, second, the density difference is
much higher in the case of the gas (see table 1 at the Introduction). As a result the interface
with the aqueous is flatter in the case of gas than in the case of SO.
The results obtained in the case of a real eye shape reconstructed from MRI images are
very close to those obtained in the idealized case.
We found that the tamponating efficacy is reduced in highly myopic eyes. The curve
corresponding to the normal eye is everywhere above that corresponding to the myopic eye,
meaning that with the same volume fraction the tamponade effect of the SO is reduced in the
myopic eye. This result is interesting and counter intuitive since one would expect that, in a
larger domain (as a highly myopic eye is), the interface should be flatter and thus providing
a better tamponating effect. This not being the case, implies that changes in the shape play
a more important role than changes in the volume of the posterior chamber.
Finally, we would like to note that this work can be clinically valuable tool for eyes with
pathological geometries (such as staphyloma) in which the equilibrium shape and position
of the tamponade compound might differ significantly from the idealized eye-shapes and a
patient-specific evaluation is needed.
In the following section we study how the mechanical actions on the retina would change
due to the usage of tamponade fluids and how the properties of such a fluid influence the
stresses exerted on the retina.
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A simple model of the flow of two immiscible fluids in a
sphere

Recently, the only long-term vitreous substitutes widely employed in the clinical practice are
silicone oils. They have suitable properties of chemical stability and transparency and have a
high surface tension with the aqueous humor, which is desirable. Depending on the location
of the RB oils with different densities (either higher or lower then aqueous) can be adopted
[62, 63].
The possible presence of an aqueous layer that separates the tamponade from the retina
and forms owing to hydrophobicity of SO is irrelevant where the retina is attached to the
pigment epithelium. However, it is crucial in correspondence with the break. In the previous
section 3.1 we have showed that the supported area of the retina in static condition is strongly
affected by the contact angle between the oil and the retina in static conditions.
The mechanical properties of tamponade fluids (density, viscosity and surface tension
with aqueous) influence the efficiency of the treatment and, therefore, a full understanding of
the mechanical implications associated with the surgery is desirable. In the current section
we aim at clarifying, from a purely mechanical point of view, the implications of adopting
tamponade fluids with different mechanical properties. The problem is very complex even if
only mechanics is accounted for, and therefore, we introduce an extremely simple theoretical
model that sheds some light on specific, yet crucial aspects on the problem.
In Chapter 2, section 2.1 we already considered the effect of the viscosity of the tamponade
fluid on the mechanical actions exerted on the retina during eye rotations. We now investigate
further factors leading to the successful surgery. In particular, we investigate the changes
of the maximum wall shear stress, accounting for the presence of a thin layer of aqueous
separating the retina from tamponade fluid.

3.2.1

Mathematical formulation

As in the previous, chapter we consider a spherical domain with radius R∗ that performs
small amplitude torsional harmonic rotations about an axis that passes through the center of
the shpere. The domain is filled with two fluids that we assume are arranged concentrically
as shown in figure 3.2.1, so that the aqueous layer thickness is constant and equals to d∗ . This
is obviously a very strong assumption. However, this allows us to obtain a fully analytical
solution. The results are expected to be approximately valid in the cases in which the thickness
of the aqueous layer is very small compared to the radius of the eye. We assume that two
fluids have densities ρ∗a and ρ∗vs and viscosities µ∗a and µ∗vs . The subscript a denotes the
aqueous humor and vs the vitreous substitute.
The problem is governed by the Navier-Stokes and continuity equations for two fluids. At
the interface between two fluids we impose the continuity of the velocity and the dynamic
boundary condition. Zero velocity and no-slip boundary conditions are imposed at the center
and the boundary of the domain respectively.
The problem is scaled in the following way:
t
t∗ = ∗ , (r∗ , d∗ ) = R∗ · (r, d), u∗i = εω ∗ R∗ · u. p∗i = εµ∗a ω ∗ · pi ,
(3.2.1)
ω
where ω ∗ is the frequency of oscillations and ε is the amplitude of the rotations (ε  1)
performing by the domain. Upon scaling the governing equations the following dimiensionless
parameters appear:
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Figure 3.2.1: Sketch of the problem under the consideration. Two fluids arranged concentrically in the sphere are set in motion by the small amplitude torsional rotations of the domain.
The internal fluid represents the intraocular tamponade agent while the external fluid is the
aqueous humour that separates vitreous substitute and the retina.

s
α=R

∗

ω ∗ ρ∗vs
,
µ∗vs

m=

µ∗a
,
µ∗vs

γ=

ρ∗a
.
ρ∗vs

(3.2.2)

To solve the problem it is convenient to consider the Navier-Stokes equations in spherical
coordinates. The velocity vectors are ui = [ui , vi , wi ], where ui is the radial component, vi is
the zenithal component and wi is the azimuthal component of the velocities and i = (a, vs).
Owing to the small amplitude oscillations the problem can be linearized. The boundary
conditions are the no-slip boundary condition at wall, the continuity of the velocities and the
stress across the interface between two fluids, and the regularity at the origin. Due to the
specific movement of the domain, i.e. torsional rotations, the radial and zenithal components
of the velocity assume the value zero on the boundary, leading to the solution
uvs = 0,

ua = 0,

vvs = 0,

va = 0,

(3.2.3)

so that the only non-zero components of the velocities are the azimuthal ones (wa and wvs ).
The system governing the problem is derived from the linearized Navier-Stokes equations and
reads:
∂wvs
1 h 1 ∂  2 ∂wvs 
1
∂ 
∂wvs 
wvs i
= 2 2
r
+ 2
sin θ
− 2 2 ,
(3.2.4a)
∂t
α r ∂r
∂r
r sin θ ∂θ
∂θ
r sin θ
h




i
∂wa
1 m 1 ∂ 2 ∂wa
1
∂
∂wa
wa
= 2
r
+ 2
sin θ
− 2 2 .
(3.2.4b)
2
∂t
α γ r ∂r
∂r
r sin θ ∂θ
∂θ
r sin θ
We impose the no-slip boundary condition at the wall (r = 1), the regularity condition at the
origin (r = 0) and across the interface (r = d) we impose the continuity of the velocity and
the continuity of the stress. Normal component of the stress for both fluids equal to zero. So
that only the continuity of the tangential stress has to imposed accross the interface. The
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components of the tangential stress for the vitreous substitute and aqueous are given by:
∂wvs 1
− wvs ,
∂r
r
h ∂w
1 i
a
− wa .
τa = m
∂r
r
The boundary conditions are then given by:
τvs =

(3.2.5a)
(3.2.5b)

wa = sin(θ) sin(t)

(r = 1),

(3.2.6a)

wvs is bounded

(r = 0),

(3.2.6b)

wvs = wa
(r = d),
(3.2.6c)
h ∂w
i
∂wvs 1
1
a
− wvs = m
− wa
(r = d).
(3.2.6d)
∂r
r
∂r
r
In order to solve the problem we use the following separation of variables for the unknown
quantities:
wi = gi sin θeit + c.c., i = (vs, a),
(3.2.7)
with c.c. standing for the complex conjugate. Substituting these expansions into the governing
system of Navier-Stokes equations we get the system for the unknown functions gvs (r) and
ga (r):
00
0
r2 gvs
+ 2rgvs
− 2gvs − iα2 r2 gvs = 0,
γ
r2 ga00 + 2rga0 − 2ga − iα2 r2 ga = 0,
m
subjected to the following boundary conditions

i
2
is bounded

(3.2.8a)
(3.2.8b)

ga = −

(r = 1),

(3.2.9a)

gvs

(r = 0),

(3.2.9b)

ga = gvs
(r = d),
(3.2.9c)
h
i
1
1
0
gvs
− gvs = m ga0 − ga
(r = d),
(3.2.9d)
r
r
where prime (0 ) denotes the derivation with respect to r. Then the solution is given by:
wvs = c1 j1 (kvs r) sin(θ)eit + c.c.,

(3.2.10a)

wa = [c2 j1 (ka r) + c3 y1 (ka r)] sin(θ)eit + c.c.

(3.2.10b)

where are the constants c1 , c2 and c3 are determined by the boundary conditions, j1 , y1 are
the spherical Bessel’s functions and kvs and ka are given by
r
√
γ
kvs = α −i, ka = α −i .
(3.2.11)
m
The wall shear stress attains its maximum value on the equatorial plane and it is given by
τ max |θ=π/2 =

h
i
3
3
1 − 2 (c2 sin ka + c3 cos ka ) + 2 (c2 cos ka + c3 sin ka ) eit + c.c.
ka
ka

(3.2.12)
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Figure 3.2.2: Velocity profiles in radial direction in the case in which the vitreous chamber
contains two immiscible fluids; r = 0 corresponds to the center of the sphere and r = 1
corresponds to the location of the wall. The velocity is normalized with the maximum velocity
at the wall. The frequency of rotations is equal to 10 rad/s. Vitreous substitute µ∗vs = 1 Pa·s;
water µ∗a = 0.001 Pa·s. (a) d = 0.01 and (b) d = 0.1.

3.2.2

Results

In figures 3.2.2(a) and 3.2.2(b) we show azimuthal velocity profiles on the equatorial plane
at different times. The position of the interface between the two fluids is shown in the figure
with a vertical solid line. The velocity profiles are continuous across the interface between the
two fluids, but their slope is not. This is due to differences between the two fluids viscosities
(µ∗a = 10−3 Pa·s for the aqueous and µ∗vs = 1 Pa·s for the vitreous substitute, e.g., a silicone
oil). Figures 3.2.2(a) and 3.2.2(b) differ because the thickness d of the aqueous layer changes
in two cases. In the first case (figure 3.2.2(a)) we consider a thickness of the aqueous layer
smaller then the thickness δ of
pthe boundary layer (d < δ) that would form at the wall if
∗
the aqueous was alone (δa ≈ µ∗a /ρ∗a ω ∗ ). In the dimensionless form the boundary layer is
scaled with the radius of the domain δa∗ = δR∗ . In this case the motion of the wall is also
felt in the vitreous substitute, which moves with a significant velocity. On the other hand,
when d > δ, most of the motion keeps confined within the aqueous layer and the velocity
in vitreous substitute is very small (figure 3.2.2(b)). In other words in the latter case the
vitreous substitute barely feels the motion of the wall.
This has an important implication for the wall shear stress, as it shown if figure 3.2.3. In
the figure we plot the maximum stress at the wall versus the thickness of the aqueous layer.
The stress is normalized with the stress that would be obtained at the wall if the vitreous
substitute was completely filling the domain. The thickness of the layer d is scaled with δ.
When d/δ tends to zero, the normalized stress obviously tends to 1 (vitreous substitute alone)
and the stress on the wall is maximum. However, the figure shows that it is sufficient for
a thin layer of aqueous to be present to make the maximum shear stress at the wall drop
significantly. When d/δ ≈ 1 or greater, the presence of the vitreous substitute is barely felt
by the wall and the stress drops to the value it would attain in the presence of aqueous alone.
This simple model highlights the importance of accounting for the possible presence of the
thin layer of aqueous at the wall in the calculation of the stress on the retina.
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Figure 3.2.3: Maximum stress at the wall versus the thickness of the aqueous layer. The
stress is normalized to 1, and the thickness of the layer d is scaled with δ, computed using
the viscosity of water. Vitreous substitute µ∗vs = 0.96 Pa·s; water µ∗a = 0.001 Pa·.

3.2.3

Discussion

In Chapter 2, section 2.1 we have discussed how the stress on the retina depends on the
viscosity of a vitreous substitute, under the assumption that the fluid completely fills the
vitreous chamber of the eye. In particular, we have shown that the mechanical actions on the
retina grow with increasing the fluid viscosity. In reality, the situation is more complicated
that this, because, owing to the hydrophobic nature of vitreous substitutes, a thin layer of
aqueous may form between the retina and the vitreous substitute.
Therefore, we have considered in this section how the scenario is modified when we account
for the presence of a thin layer of aqueous close to the retina.
The results show that when the thickness of the aqueous layer d is relatively small (i.e.
it is smaller then the boundary layer δ that would formed if only aqueous filled the domain
completely), the vitreous substitute feels the motion of the wall and moves with significant
velocity. When the situation is opposite, i.e. d > δ, the velocity of the vitreous substitute is
very small.
The presence of aqueous humor layer influences the magnitude of the maximum shear
stress on the retina as well. Even though the maximum wall shear stress grows with the
fluid viscosity, once a thin layer of aqueous is present, its magnitude drops significantly. In
the case when the thickness of the aqueous layer d is larger then the one of the boundary
layer δ the value of the maximum shear stress is equal to the one related to the case when
only the aqueous humor fills the domain completely. These results have a significant clinical
implications, and should be taken into account.
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Figure 3.3.1: Usage of hydrophobic tamponade fluids might lead to the production of emulstion, i.e to the formation of droplets of oil in the aqueous solution. The droplets then may
travel to the anterior part of the eye.

3.3

Linear stability of the interface between aqueous humor
and vitreous substitutes after vireoretinal surgery

Various fluids can be used during vitrectomy, depending on the particular condition of the
patient. Those immiscible with water are silicone oils, perfluorocarbon liquids, and semifluorinated alkane liquids. Depending on the location of the retinal damage, tamponade fluids
with densities either smaller (for breaks in the superior part of the chamber) or larger than
the aqueous density can be adopted.
At present no vitreous substitute exists that can be left indefinitely in the vitreous chamber, since various complications might arise. In particular, the interface between the vitreous
substitute and the aqueous humor might break down and, eventually, an emulsion of droplets
might form in the aqueous (see figure 3.3.1). This can lead to various postoperative complications, including cataract, keratopathy, and glaucoma [64].
Owing to the hydrophobic properties of vitreous substitutes, the fluid might not be in
direct contact with the retina and some aqueous humor is likely to line the wall of the eye.
Winter et al [65] estimated the minimum thickness of the aqueous layer separating the tamponade fluid from the retina to be of the order of 5-10 µm. Vitreous substitute-aqueous
interface breakdown may occur both at the wall (in correspondence of this thin film) [66, 67]
and at the tamponade fluid-aqueous free interface where, in the case of incomplete filling of
the vitreous chamber, the thickness of the aqueous pocket can be quite large (see figure 3.3.2).
Several clinical studies have investigated the conditions leading to the formation of an
emulsion. It is generally believed that shear stresses at the tamponade fluid-aqueous interface
generated during eye rotations play a crucial role on the generation of the interface instability
[66, 68]. This problem remains, however, poorly understood from the mechanical point of
view and no modeling approaches have yet been attempted to investigate it.
If the interface breakdown is originated at the wall, it can indeed be related to shear flow
instability at the interface between the tamponade fluid and the aqueous. If, on the other
hand, it occurs at the free interface between the two fluids, in the case of incomplete filling
of the vitreous chamber, other physical mechanisms might play a role, such as sloshing. We
focus in this section on the possible role of shear flow instability.
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Obviously, the generation of an emulsion is a highly nonlinear process that cannot be
understood through a linear stability analysis. However, it seems conceptually relevant to
investigate the role that each of the physical quantities involved in the problem has in producing the instability of the vitreous replacement fluid-aqueous interface, which we regard as
a possible very initial step toward emulsification.
Owing to the lack of understanding of this instability process, we consider a highly idealized problem that represents the suitable starting point to understand the basic mechanisms
underlying the instability process. We consider a flat solid surface representing the vitreous
chamber wall (located at y ∗ = 0), performing sinusoidal oscillations along the x∗ direction
(see figure 3.3.3). We assume that two immiscible fluids occupy the region of space y ∗ ≥ 0.
The interface between the two fluids is at y ∗ = d∗ ; fluid 1 (representing the aqueous) occupies
the region 0 ≤ y ∗ ≤ d∗ , and fluid 2 (representing the vitreous substitute) extends in the
y ∗ direction from d∗ to infinity. This geometrical configuration represents well the real case
when the thickness of the aqueous layer is much smaller than the radius of the eye, so that the
curvature is negligible and the retina can be thought of as a flat surface. Obviously, real eye
movements are not exactly harmonic in time. However, a sequence of saccadic rotations in
opposite directions can be roughly thought of as a periodic harmonic movement. This is what
has been assumed in most theoretical and experimental studies of vitreous humor dynamics
[1][69]. Moreover, assuming harmonic oscillations of the plate allows us to find an analytical
solution of the basic flow.
The idealized problem shown in figure 3.3.3 resembles studies which can be found in the
literature. Most of these studies ([70]-[71]) are based on the so-called quasi-steady approach
and/or a Floquet analysis. In the quasi-steady approach, the linear stability problem is solved
by ”freezing” the basic flow at each instant in time and the method is valid when the frequency
of the basic flow is much smaller than that of the perturbation. This cannot be known a priori
and must be verified from the numerical results. The Floquet analysis, on the other hand,
does not depend on the scale separation. In the quasi-steady approach, it is possible to find
unstable solutions during an interval within the oscillating cycle of the basic flow. However,
this does not necessarily imply that amplification of the perturbation is sustained over the
whole period.
In the limit in which density and viscosity of the two fluids are the same and the surface
tension vanishes, we obtain the case of the flat Stokes layer. Results [70, 72, 73] show that the
critical Reynolds number, based on the displacement thickness of the boundary layer, is less
than 200 in the case of the quasi-steady approach while the Floquet analysis gives a critical
Reynolds number of about 708.
Several investigations [71, 74, 75] concern one or more fluids above an oscillating wall. The
most pertinent cases, in relation to the current study, are the investigations by Yih [74] and
Or [75], who studied the stability of a single fluid layer over an oscillating flat wall. In the case
of quasi-steady flow conditions and long waves Yih was the first to find that instability occurs
during certain phases of the cycle if ω 2 Re2 /5 > F r−2 , where Re is the Reynolds number and
F r is the Froude number, both according to the definition given in the next section.

3.3.1

Mathematical formulation

We consider two immiscible fluids occupying the regions of space 0 ≤ y ∗ < d∗ and y ∗ > d∗ ,
respectively, with densities ρ∗1 and ρ∗2 and dynamic viscosities µ∗1 and µ∗2 . The flow is induced
by periodic motion of the rigid wall located at y ∗ = 0, and the oscillation is described by
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Figure 3.3.2: Schematic sketch of a cross-section on the vitreous chamber filled with a tamponade fluid.

Figure 3.3.3: Sketch of the geometry considered and notation. Note that gravity can act both
in the positive and negative directions of y ∗ , depending on the orientation of the wall.

72

CHAPTER 3. VITREOUS SUBSTITUTES

u∗w = V0∗ cos(ω ∗ t∗ ) =

V0∗ iωt∗
(e
+ c.c.)
2

(3.3.1)

where V0∗ is a velocity representing the amplitude of the oscillations, t∗ is time, ω ∗ is the
angular frequency , and c.c. denotes the complex conjugate. Let u∗i be a velocity vector and
p∗i the pressure, where the index i is taken to be equal to 1 for the fluid closer to the wall and
2 for the other fluid.
The governing equations are made dimensionless using V0∗ , d∗ , ρ∗1 as reference velocity,
length and density, respectively. The dimensionless variables can therefore be written
x=

x∗
,
d∗

ui =

u∗i
,
V0∗

pi =

p∗i
,
ρ∗1 V0∗2

t=

V0∗ ∗
t ,
d∗

ω=

d∗ ∗
ω ,
V0∗

(3.3.2)

where x = (x, y, z) is the vector of spatial coordinates with x, y and z being stream-wise,
wall-normal and span-wise coordinates, respectively. The stability analysis is performed by
introducing a decomposition of the solution of the governing equations as
ui = Ui + ūi ,

pi = Pi + p̄i ,

(3.3.3)

where capital letters indicate the basic flow and small letters with a bar refer to perturbation
quantities.
Basic flow
We consider the case in which the basic flow is laminar and fully developed in the stream-wise
direction. The solution, Ui = [Ui (y, t), 0, 0], i = (1, 2) is obtained by solving the following
system of non-dimensional equations:
∂U1
∂t
∂P1
∂y
∂U2
∂t
∂P1
∂y

=

1 ∂ 2 U1
,
Re ∂y 2

= −F r−2 ,
=

m 1 ∂ 2 U2
,
γ Re ∂y 2

= −γF r−2 ,

(3.3.4a)
(3.3.4b)
(3.3.4c)
(3.3.4d)

√
where Re = V0∗ d∗ ρ∗1 /µ∗1 is the Reynolds number, F r = V0∗ / g ∗ d∗ is the Froude number,
m = µ∗2 /µ∗1 is the ratio between the viscosities, and γ = ρ∗2 /ρ∗1 between the densities. The
boundary conditions are the no-slip boundary condition at the wall, continuity of the velocity
and the stress across the interface and zero boundary condition at the infinity. The pressure
has hydrostatic distribution and the solution for the velocities U1 and U2 is given by:
U1 = [c1 e−ay + c2 eay ]eiωt + c.c.,
U2 = c3 e

−by iωt

e

+ c.c.,

(3.3.5a)
(3.3.5b)
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where
√
iωRe,
r
γ
b=
iωRe,
m

(3.3.6a)

a=

(3.3.6b)

ea−b (a + mb)
,
2[ea−b (a + mb) + e−a−b (a − mb)]
e−a−b (a − mb)
c2 =
,
2[ea−b (a + mb) + e−a−b (a − mb)]
a
c3 = a−b
.
[e (a + mb) + e−a−b (a − mb)]
c1 =

(3.3.6c)
(3.3.6d)
(3.3.6e)

Linear stability analysis
In our analysis we adopt the quasi-steady approach, i.e. we assume that the perturbations
evolve on a time scale that is significantly smaller than the characteristic scale of the basic
flow. This implies that we study the stability of a ”frozen” basic flow at time τ , with 0 ≤ τ ≤
2π/ω. The validation of this approach can be performed a posteriori by checking the relative
magnitude of the time scale of perturbations with respect to that of the basic flow.
According to the Squire’s theorem, a steady parallel shear flow first becomes unstable
to two-dimensional perturbations [76]. The theorem is also valid for quasi-steady flows [77].
Thus, we consider only two-dimensional perturbations, so that ūi = (ūi , v̄i , 0), i = (1, 2). This
allows us to introduce the stream functions
ūi =

∂ ψ̄i
,
∂y

v̄i = −

∂ ψ̄i
.
∂x

(3.3.7)

Due to the infinite domain size in stream-wise direction, the solution can be expanded in
Fourier modes:
ψ̄i = eiα(x−Ωt) ψi (y, τ ) + c.c.,
(3.3.8)
where α is real-valued dimensionless wavenumber and Ω is the complex-valued phase velocity.
Stable and unstable solutions are defined by I(Ω) < 0 and I(Ω) > 0, respectively, where I
stands for the imaginary part.
By η̄ we denote the dimensionless perturbation of the interface position:
η̄ = η(τ )eiα(x−Ωt)+c.c. .

(3.3.9)

The governing stability equations are derived by introducing the flow decomposition (equation
(3.3.3)), stream function (equation (3.3.7)), and solution forms (equations (3.3.8) and (3.3.9))
into the Navier-Stokes equations, and neglecting nonlinear perturbation terms. The two
equations, one for each fluid, read
h ∂2U
i
1
00
2
ψ10000 − 2α2 ψ100 + α4 ψ1 + iαRe ψ1
−
U
(ψ
−
α
ψ
)
= −iαReΩ(ψ100 − α2 ψ1 ), (3.3.10a)
1
1
1
∂y 2
i
iαγ h ∂ 2 U2
iαγ
00
2
ψ20000 − 2α2 ψ200 + α4 ψ2 +
Re ψ1
−
U
(ψ
−
α
ψ
)
=−
ReΩ(ψ200 − α2 ψ2 ),
2 2
2
2
m
∂y
m
(3.3.10b)
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where subscript 0 denotes derivation with respect to y and the basic flow velocity Ui is
computed at the generic time τ . The above equations have to be solved subject to following
boundary conditions:
ψ1 = 0

(y = 0),

(3.3.11a)

ψ10

(y = 0),

(3.3.11b)

=0

U1 η + ψ1 = Ωη (y = 1),
∂U1
∂U2
ψ10 + η
= ψ20 + η
(y = 1),
∂y
∂y

∂ 2 U1
∂ 2 U2 
00
2
ψ100 + α2 ψ1 + η
=
m
ψ
+
α
ψ
+
η
(y = 1),
2
2
∂y 2
∂y 2
iαRe(ψ1 U10 − U10 ψ1 ) − iαRe(ψ2 U20 − U2 ψ20 ) + (ψ1000 − 3α2 ψ10 )


− m(ψ2000 − 3α2 ψ20 ) − iαRe (γ − 1)F r−2 + α2 S η = −iαReΩ(ψ10 − ψ20 )

(3.3.11c)
(3.3.11d)
(3.3.11e)

(y = 1), (3.3.11f)

ψ1 = ψ2

(y = 1),

(3.3.11g)

ψ2 = 0

(y → ∞),

(3.3.11h)

ψ20

(y → ∞)

(3.3.11i)

=0

with S = σ ∗ /(ρ∗1 d∗ V0∗2 ) being the dimensionless surface tension, where σ ∗ represents the
dimensional surface tension.
The boundary conditions are the no-slip boundary condition (3.3.11a) and (3.3.11b); continuity of the tangential and normal components of the velocity across the interface (3.3.11c)
and (3.3.11d). Condition (3.3.11e) imposes the continuity of the tangential stress at the interface and (3.3.11f) states that the difference between the normal stresses across the interface is
balanced by surface tension. Finally, (3.3.11h) and (3.3.11i) enforce vanishing of the velocity
as y → ∞. Note that, owing to the linearization, the conditions at the interface are imposed
in the undisturbed position of the surface, y = 1.
The above system of equations (3.3.10) and (3.3.11) has been discretized using a secondorder finite difference scheme on discrete points with a constant spacing. Boundary conditions
(3.3.11h) and (3.3.11i) are enforced using standard asymptotic inviscid solution. We assume
the solution decays at the infinity as an exponent function:
ψ2 ∝ e−λy .

(3.3.12)

Substituting the final expression 3.3.12 in the governing equation 3.3.10 we found that λ = α.
The discrete system can be written as a generalized eigenvalue problem
Av = ΩBv.

(3.3.13)

where v = (ψ1 , η.ψ2 ).

3.3.2

Model validation

The physical solution of the linear stability problem is given as a function of the discrete
Fourier modes obtained from the solution of equation 3.3.13. It is well known ([72, 72, 78]),
that the solution of the linear stability problem of parallel flows in semi-infinite domains is
composed of a set of discrete modes and a continuous spectrum. This is true also in this case.
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The eigenfunctions corresponding to the discrete modes have their maximum value within
the boundary layer, while the continuous modes are traveling waves which are bounded far
from the wall and decay in time.
In order to perform the code validation, we compare our results with those of Yih [74],
who studied the stability of a single fluid layer over an oscillating flat wall. In the case of
quasi-steady flow conditions and long waves, he found that instability occurs during certain
phases of the cycle if ω 2 Re2 /5 > F r−2 . We checked our numerical solution in the limit γ → 0
and α → 0 against this analytic results, finding excellent agreement.

3.3.3

Energy analysis

In this subsection we study the evolution of the disturbance kinetic energy of the two-fluid
system. An equation for the kinetic energy is obtained by first taking the scalar product
between the velocity vector and the linearized Navier-Stokes equations, and then integrating
over the respective domain Vi . For a given volume, the energy is defined as
Z
1
ui ui
Ei =
(3.3.14)
2 Vi 2
And the total disturbance kinetic energy is given by
E = E1 + γE2

(3.3.15)

In vector form, the evolution equation for the disturbance kinetic energy, for the domain Vi ,
reads
Z
Z
Z
dEi
1
ūi · ∆ui dVi +
=−
ui · (∇Ui )ui dVi −
ui · σ i ndS,
(3.3.16)
dt
Re Vi
Vi
S
where σ i is the stress tensor, S denotes the surface of the interface, and ∆ denotes the
Laplacian operator. The first term on the right hand side of the above expression is the
contribution due to the base flow shear, the second is due to the dissipation, and the third to
the interface between the two fluids. The resulting equation, in primitive variable form reads
Z 1
Z +∞
α dE
=−
u1 v1 U10 dy − γ
u2 v2 U20 dy
2π dt
0
1
Z 1 h
1
∂u1 2
∂u1 2
∂v1 2
∂v1 2 i
−
+(
+(
+(
dy
Re 0
∂x
∂y
∂x
∂y
(3.3.17)
Z
∂u2 2
∂v2 2
∂v2 2 i
m +∞ h ∂u2 2
+(
+(
+(
dy
−
Re 1
∂x
∂y
∂x
∂y
 h
i
v1  ∂v1
∂v2 
1  ∂u1
∂u2 
v1 (γ − 1)F r−2 + α2 S η −
−m
+
u1
− mu2
.
Re ∂y
∂y
Re
∂y
∂y
y=1
In the equation (3.3.17) the dissipation terms are always negative, thus they invariably have
a damping effect on the energy evolution. We further note that the effect of the interface
dissapears in the case when S = 0, γ = 1 and m = 1, i.e. the single fluid.
By definition, the growth rate I(Ω) obtained from the solution of the equation 3.3.13 is
equal to the logarithmic derivative of the disturbance kinetic energy
1 dE
= I(Ω)
2αE dt

(3.3.18)
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Therefore, by multiplying the left and right-hand side of equation 3.3.17 with π/(α2 E)
we can compare the contributions to the total growth rate from the individual terms in the
right hand side of 3.3.17.

3.3.4

Estimation of the range of variability of the dimensionless parameters

In this section, we estimate the range of variation of the dimensionless parameters Re, ω, γ,
F r and S, that govern the stability problem referring to the ocular application that motivates
this work. Saccadic eye rotations are the fast movements performed when the direction of
sight is redirected from one target to another. Becker [79] reports that the relationship
between saccade duration T ∗ and saccade amplitude A is well described by the following
linear relationship:
T ∗ = t∗0 + t∗ A,
(3.3.19)
with t∗ ≈ 0.0025 s/deg and 0.02 ≤ T0∗ ≤ 0.03 s. In equation (3.3.19), the amplitude A
has to be expressed in degree. In this work, we approximate a sequence of eye rotations by
describing the eye wall velocity as a sinusoidal function of time, according to 3.3.1. Assuming
that this periodic motion is the result of successive eye rotations in opposite directions we
can estimate a relationship between the frequency and the amplitude of eye rotations as
∗ ),
ω ∗ = 2π/(2T ∗ ), with T ∗ computed from 3.3.19. Since, owing to 3.3.19, A = V0∗ /(ω ∗ Reye
∗
with Reye
≈ 0.01 m being the radius of the eye, this establishes a relationship between the
dimensionless parameters Re and ω, which is plotted in figure 3.3.4a. The different curves in
the figure correspond to different values of the thickness of the aqueous layer d∗ ; each point of
the curves refers to a different value of the amplitude A, with small values of ω corresponding
to large amplitude rotations.
The density and viscosity of the aqueous humor are approximately equal to those of water,
thus we assume ρ∗1 = 103 kg/m3 and ν1∗ = 10−6 m2 /s.
Vitreous substitutes are characterized by physical properties varying in a very wide range.
In this paper, we do not focus on the behavior of a particular vitreous substitute. Rather,
we investigate the role of the mechanical properties of the fluid on the instability mechanism.
Thus, we will vary the parameters m and γ within a fairly large range of values (1 ≤ m ≤
200, 0.8 ≤ γ ≤ 2). We note, however, that in the case of silicon oils much higher values of the
ratio m than those considered here can be attained.
We finally note that, once values for d∗ and σ ∗ are prescribed, relationships between Re
and S, figure 3.3.4b, and between Re and F r 3.3.4c, can be established.

3.3.5

Results

We first consider pure shear instability and neglect the effect of density differences between the
two fluids, thus assuming γ = 1. Note that in the equations governing the stability problem,
the Froude number only appears in the boundary condition 3.3.11f, where it is multiplied by
(1 − γ). Therefore F r does not play a role in the stability of the system when the two fluids
have the same density.
In order to determine baseline values for the dimensionless parameters, we assume that
the layer of fluid 1 has a thickness d∗ = 3 × 10−5 m, and that the dimensional surface
tension is σ ∗ ≈ 0.02 N/m. The actual value of the surface tension between silicon oils used
in vitreoretinal surgery and aqueous humor can vary within a relatively wide range, owing to
the possible presence of surfactants. Here we have chosen a relatively small value for σ ∗ that
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Figure 3.3.4: Relationship between Re and ω (a), S (b) and F r (c) obtained adopting feasible
values for eye movements. From thin to thick curves: d∗ = 1 × 10−5 m, d∗ = 3 × 10−5 m,
d∗ = 1 × 10−4 m. Each poit on the curve corresponds to a different value of A.
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is representative of what happens in patients who develop oil emulsification, in which cases
surfactants are likely to be present [80]. Referring to the curves reported in figure 3.3.4 we
assume as baseline values Re = 7, ω = 0.001 and S = 14. We note that in all cases discussed
in the following αR(Ω) (which is the measure of the dimensionless frequency of perturbations)
is significantly larger than ω, thus ensuring the separation of time scales required for the quasisteadiness approach to be valid (see figure 3.3.9 and the related discussion below). Where R
refers to the real part.
In figure 3.3.5 we show neutral stability curves, i.e., curves on which I(Ω) = 0, on the
plane (ωt/π)-L, where L = 2π/α is the dimensionless wave length of the perturbation. Each
curve corresponds to a different value of the ratio between fluid viscosities m, and all other
dimensionless parameters are kept fixed. In the range of values of the parameters shown in
the figures, sufficiently long waves are linearly unstable during certain phases of the basic flow
cycle. Note, however, that in all cases shown in the figure, the interface is stable during most
time instants. Whether amplification will actually occur, over one or more periods, depends
on the value of the growth rate and on the initial magnitude of perturbations.
By definition, the growth rate computed with the energy analysis (subsection 3.3.3) coincides with that computed solving the eigenvalue problem 3.3.13. However, the energy analysis
allows us to obtain a better insight on the mechanisms governing the instability. In figure
3.3.6 we show how the various contributions to the energy change appearing in equation 3.3.17
depending on L, for a given time (3.3.6 (a)) and on ωt, for a given perturbation wave length
(3.3.6 (b)). In the figure we also plot the growth rate I(Ω), suitably scaled to fit in the plot
(I(Ω) has been multiplied by 300). The figure shows that the leading energy production term
is related to the existence of the interface, i.e., the term computed in y = 1 in equation 3.3.17.
Note that this contribution vanishes when m = 1, S = 0, and γ = 1, i.e. when a single fluid
is present.
In figure 3.3.7 we show the effect of changing the ratio m between two fluid viscosities.
In the figure, we plot the value of the growth rate I(Ω) versus m for different values of the
perturbation wave length L. As the value m increases, the minimum length of unstable waves
grows. However, there exists a value of m (≈ 21.6) for which a maximum value of I(Ω) is
attained. Thus increasing m has a twofold effect: on one hand short waves are stabilized, on
the other hand, for relatively small values of m (< 21.6) he system becomes effectively more
unstable, since the growth rate also increases. For m > 21.6 further increase of the ratio
between the fluid viscosities has an overall stabilizing effect.
In figures 3.3.8(a) and 3.3.8(b) we investigate the effect of modifying the values of S and Re
(keeping m fixed and equal to 5). In particular, we show how the shortest unstable wavelength
changes with these parameters. As one would intuitively expect, when the surface tension
parameter S is decreased, the flow becomes more unstable, in the sense that progressively
shorter waves become unstable. In a similar manner, the flow becomes more unstable if the
Reynolds number is increased.
We finally consider the effect of changing the value of γ. If the lighter fluid is on top, the
effect of gravity is to stabilize the interface. We therefore focus on cases in which the aqueous
layer is very thin and the heavier fluid is on top. This means that we consider either the lower
portion of the vitreous chamber when a heavier than water vitreous substitute is adopted, or
the upper region of the retina when a lighter than water fluid is used. These situations are
believed to possibly occur in practice [66, 67, 80]. Figure 3.3.8 (c) shows that if γ increases,
the system moves toward instability, again meaning with this statement that progressively
shorter waves are found to be unstable.
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Figure 3.3.5: Natural stability curves in the ωt − L plane for different values of parameter
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Figure 3.3.6: Contribution to the perturbation energy growth versus L for ωt/π = 0.4(a) and
ωt/π for L = 200 (b) (see equation 3.3.17). Thin solid curve: volume integral production
term. Dashed curve: volume integral dissipation term. Dotted curve: surface integral on
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3.3.6

Discussion

In this section we consider the geometry shown on figure 3.3.3 and study the linear stability
of the interface between the two immiscible fluids 1 and 2, assuming that fluid motion is
induced by periodic oscillations of the solid wall along the x∗ -direction. We adopt quasisteady approach, thus assuming that perturbations evolve on a time scale which is shorter
than the time scale of evolution of the basic flow.
We first consider the case in which two fluids have the same density and different viscosities
(γ = 1, m 6= 1). The linear stability analysis shows that, for the range of the controlling
parameters considered, long enough waves are linearly unstable during certain phases of the
cycle.
There is a value of the ratio m = µ∗2 /µ∗1 between the viscosities of two fluids for which the
instability of the interface is maximized. When m is large enough or when the viscosities of
the two fluids are almost matching, the system is found to be stable, in the range of values
of the controlling parameters considered in this section.
Investigation of the dependency of results on the other controlling parameters shows that
the system can be destabilized either by decreasing the surface tension parameter S or increasing the Reynolds number characteristic of the flow. We also consider the effect of changing
the ratio γ between fluid densities. In particular, we focus on the case in which the heavier
fluid is on top. As expected, in this case the system moves toward instability. Among the
considered dimensionless parameter, those with a larger influence on the stability of the system are found to be the ratio m between fluid densities and the surface tension parameter
S.
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The analysis performed in this section is motivated by the need of understanding the
stability conditions of the interface between the aqueous humor layer close to the retina and
a vitreous substitute in vitrectomized eyes. We adopt a highly idealized geometry and fluid
flow structure, which obviously, represent a gross simplification of the fluid dynamics inside of
a real eye. However, the idealized geometry can provide insight on the onset of the aqueousvitreous substitute interface instability in the case in which the thickness of the aqueous layer
is much smaller than the eye radius and perturbations are not too long. We note that no
theoretical models have been proposed so far to explain, on mechanical grounds, the onset of
the aqueous-vitreous substitute interface instability. Therefore, this exploratory work, in spite
of the significant simplifying assumptions it is based on, represents a suitable starting point
to understand the mechanics of this problem. In particular, we believe, it has the strength of
allowing us to assess the role of all parameters involved in the instability mechanism.
Our findings are in qualitative agreement with empirical observations, to which they
therefore provide a sound physical foundation. In particular, our results are in agreement with
the observation that highly viscous vitreous substitutes are more resistant to emulsification
than less viscous ones [81]-[82]. Moreover, the stabilizing role of the surface tension parameter
is in agreement with empirical observations [83, 84], according to which the tendency to
emulsification is significantly enhanced by the presence of surfactants that decrease the surface
tension between the two fluids. Finally, the model predicts that the system becomes more
unstable as the Reynolds number of the flow is increased, which explains why patients with
increased eye mobility are more prone to develop emulsification [85]. Notwithstanding the
fact that the stabilizing role of surface tension and the destabilizing role of the Reynolds
number are not surprising from the mechanical point of view, the model allows us to quantify
their effect.
In this analysis as a baseline dimensional values we have assumed d∗ = 3 × 10−5 m for
the thickness of the aqueous layer and σ ∗ = 0.02 N/m for the surface tension between two
fluids. Figure 3.3.8(a) shows that the shortest unstable perturbation has a dimen- sional
wavelength L∗min = Lmin d∗ ≈ 5 mm. This value has to be compared with the radius of the
∗
eye (Reye
≈ 12 mm). Following the above estimates, our models direct applicability to the
eye might be questioned, since the length of the shortest unstable wave is not much smaller
than the eye radius and, therefore, additional effects that have been neglected here, such
as the sphericity of the domain, might not be negligible. Results, however, show that once
additional effects are accounted for (possibly in combination to one another), such as, in
particular, changes in the surface tension, increased eye mobility, or gravitational effects in
the case in which the heavier fluid is on top of the lighter one, the wavelength of unstable
perturbations is small enough for the model to be a good representation of the real case.
Thus we can conclude that shear instability is likely to be a possible mechanism triggering
the onset of vitreous substitutesaqueous interface instability.
Several other assumptions underlie the present work, which are listed and briefly discussed
in the following.
Our stability analysis is based on the quasi-steady approach. In other words, we assume
that a separation of time scales exists, such that perturbations evolve on a shorter time
scale than the basic flow. This assumption holds in certain parameter regimes, on which we
focus our attention. In particular, this implies considering large amplitude and relatively low
frequency eye rotations. In figure 3.3.9 we report a verification of the scale separation, by
plotting the contour lines of the ratio αR(Ω)/ω of the perturbation frequency to the frequency
of the basic flow (dashed curves). In the figure we also plot, with the solid line, the neutral
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stability curve corresponding to m = 5, the same as shown in figure 3.3.5. As discussed
earlier, in order for the assumption of scale separation to hold the ratio αR(Ω)should be
significantly larger than one in most of the unstable region. This is indeed shown to be the
case in the figure. The same analysis has been carried out for all results.
In order to account for high frequency oscillations of the wall, a stability analysis based
Floquets theory should be adopted [86].
We assume that the retina has a perfectly smooth surface. In reality, the retinal surface
is characterized by a roughness that might have an amplitude comparable to the thickness
of the aqueous layer, when the latter is very thin. The presence of this roughness is likely to
contribute to the destabilization of the interface between the two fluids.
We assume periodic rotations of the eye. Real eye rotations are not necessarily periodic
and not sinusoidal in time. Adoption of a more realistic time law for the wall motion might
have some influence on the results.
We focus our attention on the instability mechanism induced by shear between the two
fluids. In the case of incomplete filling of the vitreous chamber with the vitreous substi- tute,
a thick pocket of aqueous forms in the chamber (see figure 3.3.2). In this case, the interface
instability can also be triggered by other physical mechanisms, such as sloshing.
Accounting for all complexities inherent to the real fluid motion inside an eye in the presence of vitreous replacement fluids would need a fully numerical approach to the problem.
However, we strongly believe that stability analyses such as the one proposed here can contribute to highlight basic physical mechanisms and are an indispensable tool to guide and
interpret more realistic numerical simulations.

Chapter 4

Conclusions
The aim of this thesis was to build mathematical models describing fluid motion in the vitreous
chamber of the human eye in order to obtain a better understanding of the stress distribution
on the retina in the presence of some pathologies, that usually lead to retinal detachment. In
addition, we consider a motion of tamoponade fluids injected into the vitreous chamber after
the vitrectomy with the aim of understanding different possible complications related to thie
usage from the mechanical point of view.
We first considered the motion of the natural vitreous humor in the vitreous chamber in
the presence of some pathologies, that lead to retinal detachment. In particular, we considered
vitreous humor liquefaction, vitreoschisis and focal vitreoretinal tractions. It has been found
in clinical practice that these pathologies put patients under higher risk of developing macular
holes, macular puckers and, consequently, retinal detachment. We modelled the vitreous
chamber as a sphere filled with viscous or viscoelastic fluid. The viscoelastic fluid has been
considered since the natural vitreous humor has an elastic component.
In order to study the retinal tractions in the presence of vitreoschisis, a split in vitreous
cortex, we considered a mathematical model based on the assumption that the thickness of
the split is much smaller the the radius of the eye. The results showed that in the re-joining
points of the split the retina experiences higher stresses with respect to the normal case with
no vitreoschisis present. These results are in a good agreement with the available clinical
observations.
Inhomogeneous properties of the vitreous humor might be another possible factor leading
to high retinal tractions. We set up a mathematical model, assuming that the vitreous
chamber has a spherical shape and it is filled with a fluid the properties of which vary in
space. The results show that in the regions with stronger adherence the stresses exerted on
the retina are higher with respect to the rest of the domain.
The presence of the hydrophobic tamponade fluid in the vitreous chamber leads to the
formation of an aqueous layer between the vitreous substitute and the retina. We studied
the tamponating effect of the two most commonly used fluids: silicone oil and itraocular gas.
The tamponated surface strongly depends on the shape of the interface between the tamponade fluid and the aqueous humor. We computed such an interface and the corresponding
tamponated surface in the real eye domain. The results show that the gas has a better tamponating effect with respect to the silicone oil due to higher contact angle and larger density
difference with water. In the case of myopic eyes the tamponating effect is reduced with
respect to the normal eye using same volume fraction of tamponade fluid.
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We also studied how the stresses exerted on the retina change due to the presence of a
thin layer of aqueous humor, by setting up a simple mathematical model, where the vitreous
chamber is assumed to have a spherical shape and it is filled with two fluids placed concentrically. The inner layer is the vitreous humor, which is a viscoelastic fluid, and the outer
layer, attached to the boundary, is the aqueous humor. The results showed that the stresses
exerted on the retina are significantly reduced when an aqueous layer is present and when
the thickness of this layer is large enough the wall does not feel the presence of the oil at all.
In addition, we also investigated the role of the visosity of the tamponade fluid. The wall
shear stress increases in a nonlinear way with viscosity and attains a limiting value for large
viscosity, which can be predicted analytically.
Emulsification is one of the most common complications related to the use of silicone oils.
The mechanisms leading to the formation of emulsion are still poorely understood. However,
it is believed that shear instability might be a major factor. We set up a simple mathematical
model based on the assumption that the thickness of the aqueous humor in contact with
the retina is much smaller than the radius of the eye, and studied the linear stability of the
interface between the tamponade fluid and the aqueous humor. We found that instability is
possible in a range of parameters that can occur in real eyes.

Acknowledgements
Firs of all I would like to express my deep and sincere gratitude to my advisor Rodolfo Repetto
for his constant support and faith in me.
Moreover, I would like to thank my co-advisor, Jan Oscar Pralits, for his support throughout the years of my PhD and encouragement during my first presentations.
Besides my advisors, I would like to thank all my office collegues for all that fun that
we had during scientific and not scientific discussion. A special thank to Davide, who was
keeping me company in the office and to Daniele who truly understands the beauty of spherical
harmonics. Thank you Peyman for your priceless advices.
My sincere thanks goes to my girlsfriends - Masha, Irene, Valeria, Lisa, Inna for their
constant support and presence in all the difficult and happy moments.
I would like to thank also to my good and closest friends Sashko and Alex who were there
for me all the time even being so far away.
Finally, I would like to thank my family: my parents, my sister, my nieces Marta and
Marianna for believing in me, for being there all the time. And the very special thanks’ goes
to my grandmother.

86

Appendices

87

Appendix A

Volume of fluids method
The complexity of modeling two-phase flows arises from the presence of an interface surface
where the physical properties are not continuous (density, viscosity etc.). This surface may
be considered as a moving boundary, where a proper boundary conditions must be imposed.
The evolution of such interface then is considered as a part of the solution.
There are many methods which are dealing with the interface tracking. The most popular
of those are: the front tracking method [87], where the interface is modeled as a set of
connected markers; the Level Set method [88], where the interface is a zero leverl set of
signed distance function; and Volume of Fluid method (VOF).
The VOF method has been used in a large range of applications for both compressible and
incomressible flows. The basic idea is as follows. Imagine a fixed grid on the comutational
domain, and assign values to each cell based on the fraction of that cell. Given two phases
(fluid 1 and fluid 2) and the interface separating them, we assing a value of unity to those
cells containing fluid 1, a cell value of zero to those cells containing fluid 2, and a fraction
between 0 and 1 to cells that contain interface:


if cell (i, j) is occuied by fluid 1,
1,
Ci,j = 0,
(A.0.1)
if cell (i, j) is occuied by fluid 2,


(0, 1) if cell (i, j) contains the interface.
For the simplicity let us consider a two-dimensional domain. If χ(x, y) is the characteristic
function, then the fraction function for each cell (i, j) is given by
Z ∆x Z ∆y
1
Ci,j =
χ(x, y)dxdy,
(A.0.2)
∆x∆y 0
0
where ∆x and ∆y are the grid size. Since χ is passibely advected with the flow, its material
derivative is equal to zero:
∂χ
+ V · ∇χ = 0
(A.0.3)
∂t
, where V = [u, v] is the velocity vector. The velocity vector is divergence free:
∇·V =

∂u ∂v
+
= 0,
∂x ∂y

(A.0.4)

which gives
∂χ ∂(χu) ∂(χv)
+
+
= 0.
∂t
∂x
∂y
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(A.0.5)

89

Figure A.0.1: Values of the fraction function C in different computational cells. When cell
is completely occupied by the fluid 1 (blue region), the value of C in this cell is equal to 1;
when the cell is occupied by the fluid 2 (empty region), its value is equal to 2; and it takes
intermediate values in the cells that contain interface.
n the value of C in n-th timestep for (i, j)-th cell and by F n , Gn the
Let us denote by Ci,j
i,j
i,j
flux of volume fraction C leaving the cell (i, j) in the direction x and y respectively. We thus
have:
n
n
n+1
n
Fi−1/2,j
− Fi+1/2,j
Gni,j−1/2 − Gni,j+1/2
Ci,j
− Ci,j
=
+
,
(A.0.6)
∆t
∆x
∆y
n+1
which can be solved for Ci,j
when the fluxes are computed.
The way of computing fluxes depends on the chosen fluid interface representation. Many
techniques have been developed to include pitched slopes and curved surfaces.
The advantage of using VOF method is in its Eulerian nature, which allows to avoid
many of the Lagrangian time step and topological change problems. However, there are some
drawbacks related to the use of the VOF method:

• With respect to other methods such technique is less accurate.
• Evolution under complex speed functions is problematic. The results strongly depend
on the orientation of the grid. The problem becomes even more complicated to deal
with in non-convex cases.
• Calculation of geometric properties, such as curvature and normal, can be icaccurate.
• An additional efforts are required when a more accurate schemes are desirable.

Appendix B

Basic concepts of elasticity
Viscoelastic materials have both viscous and elastic properties and the relationship between
stress and strain they experience is time-dependent. In our work we consider only linear
viscoelasticity. One on the most convenient tool to present such approach is the springdashpot models.
We consider the stres relaxation and the creep of a linear viscoelastic material in responce to applied single-step shear strain. Note that in the ideal viscous fluids the stress is
proportional to the strain rate and in purely elastic solids the stress is proportional to the
strain.
When a shear strain of the form γ(t) = γ0 H(t) is applied, where H(t) is a Heaviside
function
(
0, if t < 0,
H(t) =
(B.0.1)
1, if t ≥ 0,
then the resulting stress in a purely elastic solid is again a step function
τ (t) = τ0 H(t),

(B.0.2)

(Figure B.0.1(a)). In purely viscous fluid the responce would be instantaneously infinite for
t = 0 and equal to zero at any other time (Figure B.0.1(b)).
In the case of viscoelastic material, the properties of which are in between these two
liminting cases, the responce can be described by the stress relaxation function R, which is
continuous and antisymmetric with respect to γ function:
R(γ, t) = G(t)γ + O(γ 3 ),

(B.0.3)

where G(t) is a linear stress relaxation modulus. In Figure B.0.2 we plot the resulting responce
to the step shear strain in the case of viscoelastic material.
In the case when stress τ (t) = τ0 H(τ ) is applied, the resulting strain in an elastic solid
would be γ(t) = γ0 H(t) and in a viscous fluid γ(t) = τ0 t/η, where η is a fluid viscosity.
The responce of a viscoelastic material is again in between these two cases, and it is
described by the creep function
C(τ, t) = J(t)τ + O(τ 3 ),
where J(t) is called the linear creep complience.
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(B.0.4)
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In order to describe the linear viscoelasticity we consider a spring-dashpot model, where
the spring represents an ideal elastic element with a linear relaxation modulus G(t) = µH(t)
and a linear creep complience J(t) = H(t)/µ, where µ is a spring constant. The dashpot, on
the other hand, represents an ideal viscous element with G(t) = ηδ(t) and J(t) = tH(t)/η,
where η is a dashpot constant.
When two elements are connected in series, their compliences add while their relaxation
moduli are equal, whereas when they are connected in parallel, their moduli add and their
compliences are equal.
The input signal can be approximated by a sum of step functions. Then, owing to the
linearity, the final responce is given by the sum of responces to single steps. In the limit of
infinitesimal small steps the stress-relaxation is given by the integral
Z t
τ (t) =
G(t − t0 )dγ(t0 )
(B.0.5)
−∞

and creep is given by
Z

t

J(t − t0 )dτ (t0 ).

γ(t) =

(B.0.6)

−∞

However a step shear is really difficult to achieve in practice. Let us consider a sinusoidal
shear strain
γ = γ̂ exp(iωt).
(B.0.7)
Hence
τ = σ exp(iωt).

(B.0.8)

Note that γ̇ = iωγ̂ exp(iωt). Then
Z

t

G(t − t0 ) exp(iωt0 )dt0 .

σ̂ exp(iωt) = iωγ̂

(B.0.9)

−∞

We define complex modulus G̃ as the ratio σ̂/γ̂ and its given by
Z ∞
σ̂
G̃(ω) = = iω
G(s) exp(−iωs)ds,
γ̂
0

(B.0.10)

where s = t − t0 .
The real part of the complex modulus R(G̃(ω)) is called the storage modulus and the
imaginary part I(G̃(ω)) - loss modulus.
G0 (ω) = R(G̃(ω));

G00 (ω) = I(G̃(ω)).

(B.0.11)

Then the complex viscosity η̃ is given by
η̃ = η 0 − iη 00 =

G̃
G00
G0
=
−i .
iω
ω
ω

(B.0.12)

92

APPENDIX B. BASIC CONCEPTS OF ELASTICITY

τ

τ
τ(∞)

t

t
(a)

(b)

Figure B.0.1: Viscous (a) and elastic (b) responces to the step shear strain.
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Figure B.0.2: Responce to an applied step shear strain in a case of viscoelastic material
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