
• Let us illustrate index notation using operators that commonly appears in the 

governing equations of fluid dynamics.

• In our notation, the indices               can take the following values,

• These two sets of equations are the same, we simply wrote them using different 

notations.

Vector notation Index notation



• One free index results in a vector. 

• It represents a gradient.

• In vector notation, is equivalent to,

• The gradient will increase the rank of a tensor. That is, a zero-rank tensor (scalar), will 

become a first-rank tensor (vector), and a first-rank tensor will become a second-rank 

tensor (tensor).



• One repeated index results in a scalar.  

• It is the sum over the index.

• In vector notation, is equivalent to,

• The divergence will decrease the rank of a tensor. That is, a second-rank tensor 

(tensor), will become a first-rank tensor (vector), and a first-rank tensor will become a 

zero-rank (tensor).



• Two free indices results in a tensor.  
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• Two free indices results in a tensor.  

• In vector notation, is equivalent to,

Kronecker delta



• Two repeated indices (j) and one free indices (i) results in a tensor.

• Summation in j and it will form a vector in i.  

→      Summation in j

→      Vector in i



• Permutation or Levi-Civita operator.

   

   

   

   
   

   

   

      



• Using the Levi-Civita operator in the following way,

• Results in the following vector, 



• Using the Levi-Civita operator in the following way,

• Results in a vector.

• After some algebra, we obtain the following vector,

• In vector notation, is equivalent to,



• A few additional operators in index notation that you will find in the governing 

equations of fluid dynamics.

• Strain rate tensor,

• In vector notation, is equivalent to,



• A few additional operators in index notation that you will find in the governing 

equations of fluid dynamics.

• Laplacian,

• In vector notation, is equivalent to,

• The Laplacian operator will not change the rank of a tensor. 



• A few additional operators in index notation that you will find in the governing 

equations of fluid dynamics.

• Every second-rank tensor, e.g., the gradient of a vector, can be decomposed 

into a symmetric part and an anti-symmetric part.

• In vector notation, is equivalent to,

• The symmetric part is equivalent to the strain rate tensor and the anti-

symmetric part is equivalent to the spin tensor (vorticity).


