


Formulation of equilibrium problems in Mechanics
based on global energy minimization
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Second-order energy increment

one is reduced to minimize 

This is Hill’s principle of maximum plastic work



What is remarkable is that the quantity to be minimized 
is the energy increment, which includes both elastic 
energy and dissipation







This condition transforms global minimization into 
evolutionary global minimization



An inconvenience of evolutionary global minimization

one-dimensional problem

no loads
boundary conditions  v(0) = 0, v(l) = βl



An inconvenience of evolutionary global minimization

one-dimensional problem

no loads
boundary conditions  v(0) = 0, v(l) = βl

necessary condition for a minimum:  v’(x) = const



Solution of the minimum problem for

Local minimizers

for #v = 0:   u(x) = β x , E(u) = ½ klβ 2,     
for #v > 0:   u′(x) = 0 , E(u) = γ #u .
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This shows that an analysis based on global minimization is 
unrealistic, and makes it evident that the solutions of the 

evolutionary problem are, in general, only local minimizers



Barenblatt’s regularization
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Advantages of Barenblatt’s model:
• predicts fracture onset,
• shows the size effect.

Griffith’s and Barenblatt’s solutions



Inconvenience of Barenblatt’s model:
• at unloading, it predicts a jump from #v=1 to #v=0, 

in contradiction with the irreversibility of fracture.
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u layer thickness
σ adhesion force
um state variable um(t) =  max { u(s) ,  s ≤ t }

σ =  f(u)           equation of loading curve
g(u) = f(u) / u   slope of unloading line g′(u) < 0
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Incremental energy minimization

Minimize

Given: t ut , um(t) ,

under the condition:

which implies



first-order minimization
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= min  ,
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= min  ,

u < um     ⇒ =

u = um ⇒ δEt = 0      nothing to minimize

first-order minimization



δ 2Et
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second-order minimization

δ 2Et

solution:



directions of loading-unloading, as given by 
incremental energy minimization



Conclusions

• A number of inelastic, path-dependent problems 
can be solved by incremental energy minimization.

• In general, the domain of the (incremental) energy 
functional is not a linear space. The associated field 
equations are piecewise linear. This determines the 
different responses at loading and at unloading

• Sometimes the first-order incremental problem is 
trivial, and the solution is provided by the second-
order problem.


