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Transition: a burning question for 100+ years! 
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Objectives 

1. What is “transition to turbulence” and why is it  

 important? 

2. Early attempts at describing transition analytically  

  in parallel shear flows (Rayleigh, Orr, Sommerfeld) 

3. Partial experimental confirmations (Tollmien-

Schlichting waves) 

4. Something does not work … back to square one! 

Transient growth and the “optimal perturbations” 

5. Still having problems: nonlinear transients … 

6. And if we reversed the problem? Using chaos theory … 
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1.   What is “transition to turbulence” 

 and why is it important? 

  Osborne Reynolds (1842-1912) 
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What is transition to turbulence? 

Phenomenon which progressively brings a given flow – 

take a simple Blasius boundary layer as an example – 

from a laminar (orderly)  state to a new state which is 

3D, chaotic, possibly stochastic, vortical, … 

 

Transition corresponds to the breaking of (more than 

one) symmetries of an initially well organized flow state.    

 

In a boundary layer transition is triggered by 

exogeneous disturbances. 
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What is transition to turbulence? 
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What is transition to turbulence? 
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Laminar flow: the boundary layer approx. 

Incompressible laminar boundary layer 

equations 

Continuity 

x-momentum 

y-momentum 
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The Blasius boundary layer 

Incompressible laminar boundary layer 

equations with no external pressure gradient 

Continuity 

x-momentum 

y-momentum 
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Blasius Similarity Solution 

Blasius introduced similarity 
variables 

 

 

 

This reduces the BLE to 

 

 

 

 

This ODE can be solved using 
Runge-Kutta technique 

Result is a boundary layer profile 
which holds at every station along 
the flat plate e 

 u 

 2 

U 
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The triggering of instabilities 

The creation of disturbance waves in the boundary layer from (the  

possible interaction of) exogenous disturbances is called receptivity. 



12 Transition to Turbulence in Shear Flows 

Experimental observations (1) 

Image: ONERA DAFE, Paris 
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Experimental observations (2) 

Image: Fluid Dynamics Laboratory 

Tokyo Metropolitan University 

Image: Dept. Of 

Mechanics, KTH, 

Stockholm 
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Interpretation 

   The receptivity process 

defines the type of 

disturbance waves 

which will emerge. 

 

 

 

 

  Morkovin, 1994 
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Why is turbulent transition important? 

Rex = U∞ x /n 

 
Cf   = 2 tw / (r U∞

2)  

Rex 

Cf 
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Why is turbulent transition important? 

Aeronautics: delaying transition over wings is 

fundamental to reduce fuel consumption, CO2 

emissions  and operating costs. 

 
It has been estimated (Joslin, 1998)  

that aircraft laminar flow control  

over wings, tail, nacelles, etc.  

can reduce DOC by a few  

percentage points, leading to  

savings of several M$/year. 
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Laminar flow control 

Joslin, 1998 
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Laminar flow control 

Green, 2008 
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Laminar flow control 
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Flow control techniques 

Active techniques  Passive techniques 

 

Blowing and/or suction  Shaping 

Wall motion   Compliant coatings 

Wall heating/cooling  Turbulators/roughness 

MEMS    Porous surfaces 

Synthetic jets   Poroelasticity 

EMHD    Riblets 

Plasma flow control  Super-hydrophobicity  

…     (in H2O) 

     … 
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2.  Early attempts at describing 

 transition analytically in parallel 

 shear flows (Rayleigh, Orr,

 Sommerfeld) 
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The (incompressible) disturbance equations 
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The (incompressible) disturbance equations 
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The (incompressible) disturbance equations 
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Stability definition 
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Stability definition 
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Local stability of the Blasius boundary layer 
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Local stability of the Blasius boundary layer 
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Local stability of the Blasius boundary layer 
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Notations 
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Some old and useful results 

 

  Squire modes are always damped 

 

  For each 3D mode there exist always a 2D mode 

 more amplified (Squire theorem) 

 

  Inviscid  result: necessary condition for instability is 

 the existence of an inflection point in the base flow 

 profile U(y) corresponding to a maximum of vorticity 

 (Rayleigh and Fjørtoft theorems) 
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Numerical results (OS equation) 

. 
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Numerical results (OS equation) 
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3.  Partial experimental 

 confirmations (Tollmien-

 Schlichting waves)  

     Walter Tollmien  (1900-1968)                Hermann Schlichting (1907-1982) 
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Experimental results (wind tunnel) 

Very well-controlled 

experimental  

conditions 

 

 

 

 

 

 

 

Bakchinov et al., 1998 

(very low free stream Tu) 



36 Transition to Turbulence in Shear Flows 

Numerical results (CFD) 
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Most experiments disagree … 

In reality, there is large disagreement between different 

experimental installations and theory, for all shear flows ... 
 
 

 

             Poiseuille   Couette    Blasius 

 

ReL                5772            ∞            519 

 

Retrans       ~2000        ~420        ~400 

 

 

A strong dependence on initial 

conditions (exogeneous disturbances) 

is present. 
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Streaks 

… and for large environmental disturbances TS waves are  

overruled by streaky structures, which dominate the transition  

process. 

 

Hence, it is crucial to address the receptivity phase. 

 

     

 

     Alfredsson & Matsubara, 1996 

 

     U∞ = 2 m/s 

     free stream Tu = 6% 

 

 

 

 



39 Transition to Turbulence in Shear Flows 

How can we describe the streaks? 

Modern theories (1990s) say: “forget the asymptotic, 

long-time growth of modal (classical) stability  

analysis and focus on the short time transient  

behaviour even in nominally subcritical (Re < ReL)  

conditions!”   

 

 

New theories take several names: transient growth  

theory, optimal perturbations, nonnormal analysis,  

pseudospectra, etc. 
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4. Something does not work … 

back to square one! Transient 

growth and the  

 “optimal perturbations” 
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Eigenvectors of modal theories are not orthogonal! 

transient (short-time) amplification is possible! 

How do we recover the most dangerous  

dynamics over short time scales? 

Superposition of decaying 

non-orthogonal eigenmodes 

F1 and F2  
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Optimal perturbations 

To find the most destabilizing perturbations in subcritical 

conditions we can resort to a constrained optimization 

analysis based on adjoint equations. The advantages of 

this approach are that: 

 

•  No problems with the continuous spectrum (since 

 we do not consider a generic disturbance as an 

 eigenvector expansion) 

•  Can use discrete adjoint (transposing the direct 

 equations in discrete form), avoinding lengthy 

 derivations of the adjoint continuous equations 

•  Can extend to nonlinear regime 
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Sketch of the adjoint approach 

DIRECT EQUATIONS 

ADJOINT EQUATIONS 
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Linear optimals (at the leading edge) 

Optimal input: vortex                               Ensuing output: streak 

 

              Luchini, 2000 

PROBLEM SOLVED??? 
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PROBLEM SOLVED??? 

Low Tu:  2D TS waves, spanwise oscillations,  

   L vortices, breakdown … 

 

 

High Tu:  linear streaks, elongated in x (a = 0),  

   nonlinear amplification, secondary wavy  

   instability of the streaks, turbulent spots … 
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Limitations of linear approach 

HOWEVER: 

Even when we let small-amplitude input streaks evolve 

nonlinearly with a DNS, they still need a very large amplitude 

before they undergo a secondary instability, much larger than 

that observed experimentally.  Breakdown to turbulence is not 

the same as observed in experiments … 

               Andersson et al. 2001 

 

 

Linear optimal disturbances do not tell the whole story!   

 

The point is:  

a = 0 streaks are not good at triggering transition 
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5.  Still having problems: 

 nonlinear transients … 
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Linear versus nonlinear 

Apply direct-adjoint optimization technique to identify  

localized nonlinear optimals, not infinitely elongated 

along the streamwise direction x  (a ≠ 0). 

     Cherubini et al. 2010, 2011 
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Linear versus nonlinear 
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Dependence of nonlinear optimals on E0 
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The minimal seed 
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What happens at the target time T? 
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Path to turbulence of the minimal seed 
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The disturbance regeneration cycle 
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6.  And if we reversed the 

 problem? Using chaos theory … 

 

Henri Poincaré (1854-1912) 
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Recurrent patterns 
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Hopf theory of chaos 

Heinz Hopf (1894-1971) 
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Repellors = saddle points 

In some relevant phase (hyper-)space … 



60 Transition to Turbulence in Shear Flows 

Continuation technique 

Looking for unstable TW solutions  

 

 

Why??? 
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Continuation technique 

Looking for unstable TW solutions  

 

 

Why??? 

Hof et al. 2004 
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Unstable structures in the boundary layer 

Typical nonlinear, unstable flow structures in a boundary layer are 

TW which, in the cross-flow plane, are constituted by two pairs of 

spanwise periodic vortices  

 

      Wedin et al. 2013 
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Chaos and the edge state 
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Chaos and the edge state 
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Chaos and the edge state 
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The laminar-turbulent (edge) boundary 

Cherubini et al. 2011 
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The laminar-turbulent (edge) boundary 

Cherubini et al. 2011 
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Current research goal 

Attack transition to turbulence in shear flows 

from two sides: 
   

  the laminar side  

 looking at how disturbances to some 

 organized/laminar base state disrupt it 
  

  and the turbulent side  
 progressively reducing the amplitude of 

 initial disturbances in a shear flow until the 

 state sits – for as long as possible – onto an 

 unstable, laminar-turbulent (edge) boundary. 
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http://www.dicca.unige.it/bottaro/papers.html

