Chapter 6: Momentum Analysis of
Flow Systems



Introduction

m Fluid flow problems can be analyzed using one of three
basic approaches: differential, experimental, and
Integral (or control volume).

m In Chap. 5, control volume forms of the mass and energy
equation were developed and used.

B In this chapter, we complete control volume analysis by
presenting the integral momentum equation.

B Review Newton's laws and conservation relations for
momentum.

B Use RTT to develop linear and angular momentum equations for
control volumes.

B Use these equations to determine forces and torques acting on
the CV.
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m After completing this chapter, you should
be able to

B |dentify the various kinds of forces and
moments acting on a control volume.

B Use control volume analysis to determine the
forces associated with fluid flow.

B Use control volume analysis to determine the
moments caused by fluid flow and the torque
transmitted.
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Newton’s Laws

B Newton’s laws are relations between motions of bodies

and the forces acting on them.

B First law: a body at rest remains at rest, and a body in motion
remains in motion at the same velocity in a straight path when
the net force acting on it is zero.

B Second law: the acceleration of a body is proportional to the net
force acting on it and is inversely proportional to its mass.

AT T T @

(analogous expression for the angular momentum H)

B Third law: when a body exerts a force on a second body, the
second body exerts an equal and opposite force on the first.
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Choosing a Control Volume

Fixed control volume

m CV is arbitrarily chosen by fluid dynamicist,
however, selection of CV can either simplify
or complicate analysis.

B Clearly define all boundaries. Analysis is often
simplified if CS is normal to flow direction.

B Clearly identify all fluxes crossing the CS.

B Clearly identify forces and torques of interest
acting on the CV and CS.

m Fixed, moving, and deforming control
volumes.

B For moving CV, use relative velocity,

V, =V —Vev
Deforming B For deforming CV, use relative velocity for
T all deforming control surfaces,

Vi=V —Ves
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Forces Acting on a CV

m Forces acting on CV consist of body forces that act
throughout the entire body of the CV (such as gravity,
electric, and magnetic forces) and surface forces that
act on the control surface (such as pressure and viscous
forces, and reaction forces at points of contact).

Control volume (CV)
- _/Z * Body forces act on each
\\\ i volumetric portion dV of the CV.
3 9:’\,/\"  Surface forces act on each
A portion dA of the CS.
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Body Forces

B The most common body force
IS gravity, which exerts a
downward force on every
. l ¢ differential element of the CV

B The different body force
g deody — ng'r’a’Uity — pgdv

dx
B Typical convention is that g
dFyoqy = dF iy = pg vV ACts in the neaative z-direction,

2k i
g = —gk
i B Total body force acting on CV

Z Frody = / pgdV = mcvg
2%

dy

e e e e e e o e —

\
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Surface Forces

B Surface forces include both normal
and tangential components
O, O.

m Diagonal components o,,, c,,, o;, are
called normal stresses and are due
to pressure and viscous stresses

m Off-diagonal components o, o,
etc., are called shear stresses and
are due solely to viscous stresses

Second order stress tensor

Oxx Ogxzy Ozxz
Oi5 = Oyz Oyy Oyz
Oz Ozy Ozz
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Total surface force acting on CS

ZFsurface — / Oij - ndA
CS
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Body and Surface Forces

m Surface integrals are cumbersome.

m Careful selection of CV allows
expression of total force in terms of
more readily available quantities
like weight, gage pressure, and
reaction forces.

m Goalis to choose CV to expose
only the forces to be determined
and a minimum number of other

s y
‘ ‘ | forces: in the example to the left
e CV B is a wiser choice than CV A.

Out
Z F, _ \Z Fgrafvzty n Z ﬁpressu’re -+ Z ﬁviscous + Z ﬁothefi

body force surface forces
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Linear Momentum Equation

m Newton’s second law for a system of mass m subjected
to a force F is expressed in a Galilean coordinate system

as vV d
F’):mﬁf:mﬁza(m‘?)

B Use RTT with b =V and B = mV to shift from system
formulation of the control volume formulation

d(m?) s d

= — / d
dt dt CV’OV V+/CS

. d B
F=— deV—I—/
Z dt Jov cs

pV (Vr : ﬁ) dA

P\% (f/’ﬁ) dA
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Linear Momentum Equation

(Pressure

force)
P | ,gageA |

W (Weight)

o

(Reaction force)
Fp :

An 180° elbow supported by the ground
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The linear momentum equation

Is commonly used to calculate the
forces (usually on support systems,
connectors, flanges, etc.) induced
by the flow. In most flow systems the

force S"F consists of weights,

(gage) pressure forces, and reaction
forces.
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Special Cases

Steady Flow > F= /CS pv (VT ' ﬁ) A
B Average velocities 1 = p (17 : ﬁ) dA. = pVaugAc
Ac

B Approximate momentum flow rate when speed across

Inlets and outlets Is almost uniform
/ oV (V7)) A pVasgAcVang = 11Ving
CS

B To account for error, use momentum-flux correction

2
factor g ﬁzAi/ (V) dA.
— d — R — c JAg V'afug
Y F= py /pV AV + ) BrinVavg — > BrinVaug

out in
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Angular Momentum

B Motion of a rigid body can be considered to be the
combination of
W the translational motion of its center of mass (U,, U, U,)
W the rotational motion about its center of mass (@, @,, @,)

B Translational motion can be analyzed with linear
momentum equation.

B Rotational motion is analyzed with angular momentum
equation.

B Together, a general body motion can be described as
a 6—degree—of—-freedom (6DOF) system.
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Review of Rotational Motion

Angular velocity w is the
angular distance 4
traveled per unit time, and
angular acceleration « Is
the rate of change of
angular velocity.
_do_d(w) _1dl_V
dt dt rdt T
o 4% _1dV_ a
dt dt? r dt r

W

V =rw and a; = ra
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Review of Angular Momentum

H=rmV
ODINCIIL O ] L] = rn,l(rw)
Angular acceleration, a T=r'mw
l"" Il;l.l‘l 1] : :f . II.O.II'I 11 =
Analogy between corresponding linear Angular momentum of a point mass m
and angular quantities. rotating at angular velocity w at

distance r from the axis of rotation.
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Review of Angular Momentum

m Moment of a force: M=+#¥xF
H m

m Angular momentum:

m For a system: f,  — f (Fx V)pdV
SYSs

dt — E s (?" X V)p dv
B Therefore, the angular momentum equation for a
Galilean system can be written as:  $~ 7 = dﬂsys

B To derive angular momentum for a CV, use RTT
withB=Hand b =7xV
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Angular Momentum Equation for a CV

B General form

(Fx V)pdV +f
CS

B Approximate form using average properties at
Inlets and outlets

ZM:%/ (FXVpdV#—ZTXmV Zfrx mV
cVvV

out

m Steady flow

ZM +Zr><mV Zfrme

out
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