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Man often tries to achieve technical surfaces which are rigid and smooth...
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... but in Nature, porous, anisotropic, irregular, elastic, rough is the norm!

Zampogna & Bottaro Mini-Symposium on Flows over Non-Smooth Walls London, 9th May 2016 3 /44



Motivation

In biomimetics we deal with several separation of scales phenomena
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Motivation

In biomimetics we deal with several separation of scales phenomena

HOMOGEN| IN THEORY
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Theory of homogenization applied to poroelastic media

Resolution of the microscopic equations

- Permeability tensor
- Elasticity tensor

Resolution of the macroscopic equations
- Oscillating channel flow

Left to do ...
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Introduction: carpet of elastic fibres

xAho o o o o
o0 0o o0 o0
0o oieio o
o 0 6o o
o0 0 o0 o0

ol X1

Transversely isotropic porous medium, made by fibers shown in the (xi, x3) and
(x1, x2) plane, respectively. The dotted rectangle in the two frames represents the
elementary cell V. V¢ is the volume occupied by the fluid and V; is that occupied
by the solid, so that V = V§ + V. I is the fluid-solid microscopic interface. The
porosity ¥ is defined as V¢/V. All the unknowns are periodic over V.
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Introduction: carpet of elastic fibres

q
GOVERNING
EQUATIONS

l

‘ SEPARATION OF SCALES‘

BASED NORMALIZATION

MULTIPLE SCALE
EXPANSION

MICROSCOPIC
PROBLEMS

AVERAGING STEP

/
= — 1
€ L<<

We introduce x,x’ = ex

N
u(x,x', t) = Z e"u(x, X', t)
n=0

N
v(x,x', t) = Z e (x,x', t)
n=0
N
p(X, X/, t) = 6np(r’)()<7 X/7 t)
n=0

1
f ::—/ fdv.
(f)=v "

ACROSCOPIC
PROBLEMS
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The scales considered

Uzl No slip on I’

Ts

P/? ) )
E— e Ts =P, macroscopic solid stresses balanced by pressure on I
P uU . . N
=7 macroscopic press forces balanced by viscous dissipation

L2
= Ts = ’I;:_T = €2LE solid time scale
(g

% =12 inertia of the solid of the same order of the solid stress

s

(Fluid and solid variables)

.t Pl
$=1Ix, p=Pp, tr=-1, G=ec—u
u I
. PL .~ pts
= — t =
V=FY 5T Ea
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The homogenized model

% =0on V¢
eRey <88L;' + ujg)ij') = gx, + €eV2uj on V¢
€ 8;;;- = aanC,-jk/Ek/(v) on V,
linked by
up = 88‘;' and  — pn;+ 2egjj(u)n; = % [Cijicr(v)] nj onT
Re, = peUl U/ pf UL — Re,
i

DEVELOPED MODELS

@ Re; = O(e) & O(1) for poroelastic media, isotropic and anisotropic
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After homogenization for the macroscopic fields u(©®, v(®  p(© we have

ot?

oy oxt
8)([-/ - 3)(,'

1

82v.(0)
(L= D% = 2 [Cipgeha(v) — ap)

Pq

W) —9v® =

(V) - (G250

_op®
y axj’

valid in the homogenized macroscopic domain, and the equations for the
microscopic fields x, 1, K and A valid in the microcell

{5’ {Cita [ewt(XP?) + 61} = O,
{ Gt [ea(XP9) + Okpdig]} nj =0 on T

2
oh Ky s
{aaxj [Citi €1a(n)] = 0, g;((’ 0
f
[C,’jk/ 5kl(77)] nj = —n; oOn [ J — 0,
8x,-
Kij(x,t)=0 onT
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After homogenization for the macroscopic fields u(®, v(®, p(©) we have

(1 19) ,3,52 = 3%9/ |:C,-qu g;q(v(o)) _ C%J_p(o)]

a(u® ox?9 . .
gt = () €pa (W) = (32150

<U§O)> -9 "(0 - _IC’J 88p><

valid in the homogenized macroscopic domain, and the equations for the
microscopic fields x, 1, K and A valid in the microcell

{a% {Cijur [k (XPT) + kp01g]} = 0,
{C,'jk/ [é‘k/(qu) aF 5kp5lq]} nj = 0 onl
0A Ky

. 2 ijs
{aaxj [Cijs €ki(m)] = 0, g;g Ox?

[Cijxt €(n)]nj=—n; onT TX:J =0,
Kl'j(xa t) =0 onl
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After homogenization for the macroscopic fields u(®, v(®  p(© we have

Bzv.(o)
(1_19)37':,9%!{ iipg Epq(V @) — .PO)}

aW® _ X, 0 (0)
Bx < 8X,' > pq( ) P

1

i i Bx’

valid in the homogenized macroscopic domain, and the equations for the
microscopic fields x, 1, K and A valid in the microcell

{a% {Cijkt [eki(XP?) + dkpdig]} = 0,
{ Cijwr [k (XP9) + Okpigl} nj =0 on T

oA, Ky _

Ox; Ox? b
oKy _,
8x,- o

Kij(x,t) =0 onT
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After homogenization for the macroscopic fields u(®, v(®  p(© we have

©
(1- )atz a%jf{ ijpq pq ) .PO)}

a(u® aX?q . )
S = () o) — N

(0 -(0) _ ap®
(uj”) =97 = — ap_>9.'

valid in the homogenized macroscopic domain, and the equations for the
microscopic fields x, 1, K and A valid in the microcell

{a% {Cijr [k (XP) + kp01g]} = O,
{C,-_,-k/ [a‘k/(qu) -+ 6kp5/q]} n; = 0 onl
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After homogenization for the macroscopic fields u(®, v(®  p(© we have

52,00 8u

a(u® 8qu . .
i’ﬂx',-'> — <a_>2,-> e, (W) — 50)

0 . (0 op©®
TURTAES T

(1= 9) %k +| Reti(5,) | = g | Cia v — B

valid in the homogenized macroscopic domain, and the equations for the

microscopic fields x, 77, K and A valid in the microcell

{a% {Cijur [eki(XP9) + Skpdig]} = O,
{ i [ew(xP9) + 011} nj =0 on T
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Re; = O(¢): packed rigid spheres

Macroscopic level

20 — e, 220

0)\ _
(u;™) ij 6x

Microscopic level

{ 8A’ +V2KU —0jj

8K--
i
ox; 0

Kij=0 onl
Kij, A; (x1, x2)-periodic
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Re; = O(¢): packed rigid spheres

10 F bl
107F
K
|~ Kozeny—Carman law
1°°F - - - modified Kozeny—-Carman law ]
B arrays of spheres, present results ]
p arrays of spheres, Zick & Homsy (1982) |

T T T T T T i
045 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 09 0.95

. 1 /V\? 3 .1 /V\?
U e )
5\|r) (1-9) 5\IF/) 1-9)%
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Re; = O(e): arrays of rigid cylinders

Macroscopic level

(W) — 94 =

1

ap
R
J

Microscopic level

OA;/ 2 _ .
gKaj +V K,'J' = —5,J
o

Ox; =0

Ki=0 onT
Kij, Aj (x1,x2)-periodic

K11 =Ko

Qi P2 0

2e-06 0.0547

A
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Re; = O(e): arrays of rigid cylinders

Ks3

Macroscopic level AT

0

ap

0 . (0
(u®) — 0y = - T oxl

1

Microscopic level

OA;/ 2 _ .
gKaj +V K,'J' = —5,J
o

Ox; =0

Ki=0 onT

Kij, Aj (x1,x2)-periodic
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Re; = O(e): arrays of rigid cylinders

10~
107 1
Kii 10’3, 4
Ky Van der Westhuizen & Du Plessis (1996)
3 K 3 Van der Westhuizen & Du Plessis (1996)
0 e | Ky, Mityushev &Adler (2002)
= Experimental results by Sadiq et al. (1995)
= Experimental results by Sangani & Yao (1988)
> Experimental results by Skartsis & Kardos (1990)
5
1 L L L L L L L
0 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

8
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Re, = O(l)

Macroscopic level
?vO 0u®
(1= N+ Rl %) = L [Cipacha(e®) — o]
a(u® Pl
<Bu>,</>:<(;<)é,->pq(v )

(ul®) =99 = K%

[2)
— (52)p
) !

Microscopic level

oKy  OA Ky, o 0Ky

ReiUk gxe Oxk Ox; Ox? & Ox;

=0,

Kij(x,t) =0 onT, plus periodicity over V¢

VTot
MICRO and MACRO level linked by iterations over Uy.

cf. Gustaffson & Protas (2013) on the use of Oseen'’s closure for high Re

I 1
Rey = ! Uk::—/ (u®y av
v’ Vot
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Re, Uy € [0, 150]51/(, ¥ =0.7
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Re/Uk = (C, O, 0)

Edwards et al. (1990)

10

Re, = O(l) = IC,'J' =
mf)\%\o s 0(107%)  O(107%)
0(107°) Vg 0(107)
0(107°% 0(107° &

}Cll

3|

10

10

0 50 100 150 200 250 300

I9Rep
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Re/Uk = (C, O, O)
Ghisalberti & Nepf (2004,2006,2009)

. f E,
Re; = O(l) — ’C,‘j =
& 0(107°) 0(1079)
Vg O(107°)
&

x3[m] o2

—=e 0(107°)
O(107%) 0O(1079)

London, 9th May 2016
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Re/ Uy = (10,20, 15), 9 = 0.7

00176[ OOOEW?I
meos 0 ooosoo - Re/ = O(E) = ’C'J =

0.009 O(107°) O(1079)
O(107°%)  0.009 O(1079)
(0(10—9) 0(107°)  0.0190 )

K22

000409 0226'002
k. Re/:O(l)—>IC,-j=
,@ 0.0046  0.0003 O(107°)
-0.006 —001)122
0.0003  0.0057 O(107°)
O(107°%) ©O(107°) 0.0112
\DUZM 3

0.02
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Re/ Uy = (10,20, 15), 9 = 0.7

K12
. OOOSWIWM
o

»o‘oosoal

0026 2
fo

Re, = 0(6) — K=

0.009 O(107°) O(1079)
O(107°)  0.009 O(1079)
(0(109) O(107°)  0.0190

Rei = O(1) — Kj =

foor
& ¥ 0(107°)
—O.HI)'IQQIO
% & 0(107°)
0(107%) 0(107?) Vg
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After homogenization for the macroscopic fields u(®, v(®  p(© we have

©
(1- )atz a%jf{ ijpq pq ) .PO)}

a(u® aX?q . )
S = () o) — N

(0 -(0) _ ap®
(uj”) =97 = — ap_>9.'

valid in the homogenized macroscopic domain, and the equations for the
microscopic fields x, 1, K and A valid in the microcell

{a% {Cijr [k (XP) + kp01g]} = O,
{C,-_,-k/ [a‘k/(qu) -+ 6kp5/q]} n; = 0 onl
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Re; = O(¢€) & Re; = O(1) effective tensors

(Cylinders, ¥ = 0.3 — 0.99)

{a%— {Cijut e (xP9) + Skpdigl} = 0,

{Cijr [er(XPT) + S1plig)} nj =0 on T,

Ciipg = (Cijk €k (XP9)) + (Cijpg) =

coo@®@EO
coco®@RO N

®
X
*
0
0
0

k]

eNeF NoNoNe)

oPpP oo oo
P oocoocoo
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Re; = O(¢€) & Re; = O(1) effective tensors

(Cylinders, ¥ = 0.3 — 0.99)
{a% {Cijki [ (xP9) + Skpdig]} = O,

{Cijwt [ext(xP9) + SkpOig]} nj =0 on T,

"f ",
O m ® 0 0 0 00 0 00O
B O ® 0 0 0 00 0 00 O
co— |® ® % 0 0 0f , 00 %k 000
W=lo 0 0 & 0 0 =100 0 0 0 0
0 0 0 0 & 0 00 0 00O
0 0 0 0 0 @& 00 0 00 O

4
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Re; = O(¢€) & Re; = O(1) effective tensors

(Linked cylinders, ¥ ~ 0.8)

{a% {Cijur [ewi(xPT) + dipdig]} = 0,
{Cijr [er(XPT) + S1plig)} nj =0 on T,

Ciipg = (Cijk €k (XP9)) + (Cijpg) =

coo@mO
coco®@RO N
coo*®R
[eNeF NoNoNe)
oPpP oo oo
P oocoocoo

4
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Re; = O(¢€) & Re; = O(1) effective tensors

{ai {Cita [ext(XP) + 610} = O,
{ Gy [exi(XP9) + Sipig]} nj =0 on'T,

Cipg = (Ciwt €1 (X"?)) + (Cijpg) =

coco VY
coco VY
cocoX* WYy
oo %o oo
o o oo o
¥Wo oooo
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Averaged components of the effective elasticity tensors

$IJ(x”)‘ |
11
5N )
)ﬁkIJ(x")mI
33,
oty
33,
WO gl
12
%IJ(X )12l
4 N6,
4] 5 M6y,
g W)y
=gy
0.8
10° 15
. 0.95
10
0.9
2|
1075 0.85
-
1079 #-Ciz 0.8
-5-Ciig
C 0.75
107 —— V3333 o
- [Cyp1l 0.7 +a”
>
- - [Capal 065 %
0 0.2 1_90=.\¢} N 0.6 0.8 0 0.2 1_9=.\‘} N 0.6 0.8

<
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Macroscopic simulations: oscillating channel flow

A domain—decomposition—based solver

u=0
) )
== ( (
NSE
IN THE FLUID
REGION V'  Foregion #
I}
[INTERFACE CONDITIONS
y
HOMOGENIZED S
EQS. IN THE reqio
POROUS REGION

London, 9th May 2016 32 /44
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Macroscopic results: linked cylinders

82v.(0)
(1= 5 = aile [Ciqugiaq("(o)) - af’jP(O)]

au® X" . .
W = (e, (V) — (325

(ul®) =09 = —K; %

u=0

—

il np =Xyl nj (Gopinath & Mahadevan, 2011)

H F F-region
. _ 9
[u,- — £Uk€jk(u):| = ,-jap/ (Lacis & Bagheri, 2016)
X!
F J1H
ou;

AP = QU 8 - (Carraro et al., 2013)

F—H —
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Macroscopic results: oscillating channel

NSE are forced by an oscillating pressure gradient of the form R(Ae“t). Solution
shown for

e pr =122 kg/m3, air,

@ Re; =100,
e Ca=9.15 x 10~® (polyurethane foam, E = 3 x 10° Pa, vp = 0.39),
e A=w=1.

F-region
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Macroscopic results: oscillating channel

NSE are forced by an oscillating pressure gradient of the form R(Ae“?). Solution
shown for
e pr = 1.22 kg/m3, air,

(] ReL = 100,
e Ca=9.15 x 10~® (polyurethane foam, E = 3 x 10° Pa, vp = 0.39),
e A=w=1.

t=18.786 t=18.786

1 <
I S | , s
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Macroscopic results: oscillating channel

NSE are forced by an oscillating pressure gradient of the form $(Ae“t). Solution
shown for

e pr = 1.22 kg/m?3, air,

@ Re; =100,
e Ca=9.15 x 10~® (polyurethane foam, E = 3 x 10° Pa, vp = 0.39),
e A=w=1.
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Macroscopic results: oscillating channel

NSE are forced by an oscillating pressure gradient of the form R(Ae“?). Solution

shown for
e pr = 1.22 kg/m3, air,
(] ReL = 100,
e Ca=9.15 x 10~® (polyurethane foam, E = 3 x 10° Pa, vp = 0.39),
o A=w=1.
250% 10 t=18.786
t=18.786 )
! » 2502
g
0.9 8
§-2504
08 | 5 e
07 22506 S
06 -2.598
-1 -05 0 05 1
x> 05 X
\ 5y
o4 g
03 iy
\ o
02 ‘ 8
0.1 §
\ gt
0 | 3
-5 0 5 &
horizontal displagemght S 2 . . i
s -1 -05 [0} 05 1 15
2 mean interface horizontal displacement
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Left to do ...
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e<Re<1

Considering higher order approximation (in e = 1), (u;) = (ufo)> + e<ufl)> and
(p) = (p) +€(pV)):

Macroscopic level

0 0 2 (0 (1)
<u(1)> _ N op® §p© ) 92p opy
i1 T TRk T T Yk G T N T
Ox;  Ox Ox; 0x;, Ox;
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e<Re<1

Microscopic level
oL, OM;
38"%: - Oal-ijk — K, K 365,{ B a_l\ffj — _AS oK;
B Ogon — oy | ox axgax = —Ajdix + 25
Lijw = Sj = Tj =0, Mj = T (Kkj> onT,
Lix, Mik, Bjx, Ci, Sij, T;j V-periodic )
< uk> 0

Nield and Bejan (2006),
Skjetne and Auriault (1999)
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Macroscopic simulations: the homogenized model

(JUnj)ni|NS = (JUnj)nilsR

can be written as
ou 0
Ou  dus
8X3 8x1

g L O
& 2Re 0x3

NSE

and
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_ (o

NSE

(JUnj)ti|NS = (UUnj)ti|BR

| Oz
6X1

He Ous
211Re 0x3

He (Ou
o \0x3

BRINK

BRINK
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Macroscopic simulations: the homogenized model

Case 1 Case 2
° °
(0)
0 9p© Oy _ o 2p. 0P
(u ()> IC,JezReL afo (uj”’) = —Kjje*Rey 8XJ’ 4
° +icge e ()
Plys = P(O)’ K
DARCY R
N (0)‘
tilns = u DARCY

(U"jnf)n"|NS = (Ufjnj)ni|BR

(oiin)tilns = (oin;)tilgr

1/IC 0
d=c 9 Ui|Ns:“§)BR

Le Bars & Worster (2006). imposed at yirr.

imposed at y;7Fr — 6
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Macroscopic simulations: Re; =100

I 1
X3 X3
0.5 0.5

A Br"\ilr?krmn ue/u =1/(1-6)
o Brinkman ue/u =03

o Brinkman |.1e/|.1 =3
~*‘_l‘3‘rinkrmn /M =30

—DNS
A Brinkman “e/“ =1/(1-6)
| o Brinkman MM =03
|- Brinkman p /=3 '
4 Brifkman /=30

35 N 05 .. 1 B 004 - 006 008 0.12

0. S 025 R o7 a 't
or ™y o s . N

> : N NN
03 > ox LY o .
03 0,08 s 3 002 .

P

o)
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