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Abstract

Asymptotic homogenization is employed to formulate upscaled effective bound-
ary conditions at a smooth virtual surface for a natural convection flow over a
periodically-roughened vertical surface, to bypass the expensive numerical res-
olution of flow and temperature fields near and within the wall corrugations.
Microscale problems are found by expanding near-wall variables in terms of a
small parameter €, ratio between the microscopic and the macroscopic length
scales. The expressions of the upscaled velocity and temperature boundary
conditions are provided up to second-order accuracy in €. As a typical imple-
mentation of the theory, the case of transverse square ribs is considered. The
classical Navier-slip condition for the streamwise and the spanwise velocity com-
ponents is modified at second order by the gradient of the normal stress and
the time-derivative of the shear stress. The streamwise slip velocity is addition-
ally corrected by a buoyancy term at first order and a temperature gradient
term at second order. The normal velocity at the virtual surface appears only
as a second-order transpiration condition. A Robin-like condition for the tem-
perature is found, where the wall temperature is corrected with a temperature
gradient term representing thermal slip. The proposed effective conditions pro-

vide insight into the physical complexity of the interaction between microscopic
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and macroscopic domains when heat transfer is present in the motion of a fluid
along a rough surface, and quantify the role of the buoyancy force within the
microscopic layer on the macro-behavior of the flow, previously unaccounted
for.

Keywords: multiscale homogenization theory, effective boundary conditions,

buoyancy-driven flows, microstructured walls

1. Introduction and literature review

In the present work, the multiscale homogenization approach is proposed to
simplify the numerical simulations of buoyancy-driven flows over periodically-
roughened vertical surfaces, while maintaining an acceptable level of accuracy.
Asymptotic homogenization is an approach which targets the study of the
macroscale behavior of a medium which contains microscopic details, by replac-
ing the rapidly varying properties related to the heterogeneity of the medium,
associated with surface irregularities, porous structures, different phases, etc.,
by equivalent homogeneous macroscopic properties [I]. This technique can play
a pivotal role when handling differential equations that govern physical prob-
lems with microscale fluctuations [2] which are characterized by some sort of
periodicity or pseudo-periodicity. These problems can be computationally sim-
plified by first solving ad hoc auxiliary systems of equations in a microscopic
domain to evaluate the necessary upscaled conditions by means of averaging.
The approach relies on the asymptotic expansion of the dependent variables
in terms of a wisely-chosen small parameter whose existence is related to the
presence of well-separated scales, for instance a microscopic length scale (¢) and
a macroscopic length scale (L >> /) so that the parameter ¢ = % << 1 can be
defined, and the solution of the problem can be sought up to different orders of

accuracy in terms of e.

Multiscale homogenization has been known and used by applied mathemati-

cians for a long time. Nonetheless, its practical relevance had not been imme-
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diately noticed by engineers and physicists. In recent years, homogenization
has been re-discovered and applied to a variety of relevant cases. Flow over
micro-textured surfaces represents a typical homogenization problem. Jiménez
and Vernescu [3] have derived the Navier-slip effective condition for the Stokes
flow over a rough surface via homogenization theory as a first-order corrector
term to the no-slip condition of a smooth surface. Zampogna et al. [4] have
pursued a generalization of the classical first-order Navier-slip condition [5] over
a rough surface by means of a third-order Navier-slip tensor. The homogenized
model was pushed to second-order by Lacis et al. [6] with the introduction of a
transpiration velocity, the normal velocity component at the fictitious interface,
thus enhancing model predictions for a turbulent boundary layer over a rough
surface. A further improvement has been added by Bottaro and Naqvi [7] who
sought a solution up to third-order accuracy. For earlier studies along the same
lines, the reader is referred to [8, [0, [I0]. The range of applications subtended by
homogenization theory is being continuously widened and enhancements to the
basic formulation are ongoing. Zampogna et al. [I1] have extended the theory
to the study of the turbulent flow over compliant riblets, seeking reduction of
the skin friction drag. Effective boundary conditions at the interface between a
porous bed and an unconfined flow region have been explored by Sudhakar et al.
[12] and Naqvi and Bottaro [I3]. Adjoint homogenization has been introduced
by Bottaro [I4] as a method to take into account non-linear effects within the

microscopic region.

The buoyancy-driven flow over periodically roughened vertical surfaces is an
ideal application of the asymptotic homogenization approach, through which
the macroscopic behavior of the free convective flows can be predicted at a
reduced computational cost and a significant level of accuracy, to replace time-
consuming feature-resolving simulations. So far, the full capturing of surface
details has been the standard way to carry out numerical work [15] [16, 17, 18],
and this implies that the implementation of multiscale homogenization for nat-

ural convection studies is a fertile field which deserves to be well defined and
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efficiently employed.

The work presented in this paper is a novel implementation of the multiscale
homogenization technique to study natural convection heat transfer over rough
surfaces. The only previous contribution in this aspect was the work by Introini
et al. [19] who applied the volume-averaging upscaling method to the study of
the steady laminar buoyancy-driven flow over rough surfaces. However, their
model suffered from some deficiencies that limit its applicability range. A crit-
ical assumption adopted by Introini was the neglect of buoyancy effects within
the microscopic region, so that momentum and energy conservation equations
are decoupled. This assumption, despite being mathematically advantageous,
limits the model applicability to cases in which the Rayleigh number charac-
terizing the microscopic problem (based on the microscopic length scale and
the temperature difference across the microscopic region) is sufficiently small.
To satisfy this condition, the bulk Rayleigh number must be lower than some
threshold value and the roughness elements must be confined within the thermal
boundary layer. In practical situations, high values of the Rayleigh number are
often encountered. Moreover, being first-order accurate, the method developed
by Introini et al. [19] has some restrictions on the utilization of the approach.
To assess the validity of their model, Introini and co-workers carried out differ-
ent numerical simulations on a differentially heated stamp-shaped cavity. The
results showed that the validity of the model is not guaranteed for values of the

bulk Rayleigh number higher than 107.

In this paper asymptotic homogenization is used to formulate expressions
for the macroscopic velocity and temperature effective conditions at a virtual
interface separating the microscopic and the macroscopic sub-domains. The
Boussinesq hypothesis is employed so that the buoyancy term that appears in
the microscopic momentum equation is linearly coupled with the energy equa-
tion; this represents a substantial difference with the work by Introini et al. [19].

The dependent parameters are expanded asymptotically in powers of the small



90

95

100

pattern periodicity (£)
plate length (L)

parameter € = The effective conditions for velocity and
temperature are all sought up to second-order accuracy. In the next section,
the governing equations and the boundary conditions of the problem are out-
lined, the representative scales are chosen, and the continuity condition at the
matching surface is discussed. In Sect. 3, the microscopic region is considered
where the asymptotic expansion of the dependent variables is defined, and the
problem is reconstructed at different orders of €. For each order, generic forms
of the solutions are assumed and auziliary differential systems are formulated.
Then, the case of transverse square ribs is discussed in Sect. 4. The parameters
of interest are determined, via numerical solution of the auxiliary systems, and
the effect of the matching surface location is considered. For convenience, the
results are extrapolated to the fictitious surface going through the outer rim of
the ribs. A parametric study seeking the effect of varying the rib size to the

pitch distance ratio on the different coefficients is presented in Sect. 5. In the

concluding section, the effects of the defined parameters are highlighted.
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2. Governing equations and domain decomposition

2.1. The dimensional equations

As a major assumption, the changes in the density of the fluid are consid-
ered to only affect the buoyancy term in the momentum conservation equation.
Under the Boussinesq approximation, the conservation equations in terms of
the dimensional variables, space coordinates #;, time ¢, pressure 137 velocity ;,

and temperature T, are expressed as follows:

on;
95 (1-2)

(o 0w\ oP-Py) 0w . -

Poo (85 +u]8§jj) - ai,z +/u' 8@‘5 - pooﬁ(T - Too)gla (1_b)
37T+ﬁ_8f_a82f (1-c)
ot = or;  0iY '

with peo, P and T- the density, pressure and temperature in the stagnant
flow region, sufficiently far away from the vertical wall. The parameters assumed
constant in the equations above are the volumetric thermal expansion coefficient,
B, the dynamic viscosity, 4 = poov, with v the kinematic viscosity, and the
thermal diffusivity, a. With the axes as in Figure [I} the volume force per unit
mass has components g; = —g d;; with g the acceleration of gravity and d;; the
Kronecker index. The parameter controlling the thermal convection flow is the

Rayleigh number Ra, defined as

Ty — Too) L?
Ra = 95 )L°
av
where the temperature of the wall, T, w, 1s maintained constant, and the plate
length, L, is the macroscopic length scale of the problem. We also define the

Grashof number, Gr = Ra/Pr, with Pr = v/« the Prandtl number, a property
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of the fluid. Given the presence of two characteristic length scales, a macroscopic
and a microscopic one, the latter related to the periodicity ! of the microstruc-
tures present on the vertical surface, two problems will be set up. These two
problems will be coupled at some distance from the wall, a distance that is
asymptotically large when seen from the microscopic point of view and asymp-

totically small when seen from the macroscopic viewpoint.
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Figure 1: Sketch of a general vertical rough surface, periodically micro-patterned, with nota-

tions and indication of microscopic and macroscopic domains.

2.2. The macroscale problem
To set the proper scales of the macroscopic problem we consider the fact
that the motion of the fluid is generated by the buoyancy force; if U is the

characteristic velocity of the fluid, we can write
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We thus define the velocity scale U = 4/ ,B(T — T YgL = ari/2l 7 and normal-

ize the velocity vector as:
U;

7k

The other dimensionless variables are defined as follows:

U, =

i tu P— Py T—Tx
XZ':*, tzi, P:Ai, @Zﬁ
L L Pocld? T — Tro
for the balance equations to become:

oU;
0X;

=0, (2-a)

ou; . U, aP 1 9%,

) — 2-
ot TYiax, M/ 0X? ; + 00, (2-)
00 0?0

P’I"V ( JaX ) = 87)(]2 (2-C)

These equations depend on only the macroscopic independent variables, ¢t and
X;, and must be solved subject to matching conditions at Xo — 0, together

with © = U; =0 for Xy — o0.

2.8. The microscale problem

The near-wall problem differs from the previous one in that the microscopic

. . . pattern periodicity (£)
velocity scale is taken to be e, with ¢ = plate length (L) << 1. Also,

the pressure scale for the near-wall flow is the viscous pressure, i.e. p(eld)/I.

Dimensionless variables in the microscopic domain are introduced as follows:

W B t_Lu _(P-Pu)L 9_T To
2_6u7 Z_l7 _L7 p_ ‘[LZ/{ ) _T T

The microscopic dimensionless equations are:

6’[,&1‘ -
89@ - Oa (3—&)
ou; Ou;\  Op 0%u;
ERG(at +u ]8.7;‘]) *aiJr oz 2 +RGG511, (3—b)
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(3-¢)
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ot T or;) T Bat
with the reduced Grashof number Rg, defined by Rg = € vGr, assumed of
order one. The microscale problem is bounded by the microstructured wall on

one side; therefore, the following condition is imposed at this location.
u; =0, 6=1 for y=1yy, (3-d)

with y,, = yw (21,23) the micro-patterned wall. A representative volume ele-
ment must be chosen, of unit length along x; and x5 (cf. Figure7 and periodic
conditions are enforced for all dependent variables along these directions. On
account of the scalings adopted for inner (i.e., near-wall) and outer problems,

the conditions for zo — oo are:

. 8”2 8u2 @2

Do + (6@ + 83%) = 5%, (3-e)
00
87332 = €n; (3-f)

these amount to matching the components of the traction vector and of the heat
flux between the two regions. For ease of notation in the equations above we have
introduced the following definitions for the macroscopic dimensionless stresses
in the streamwise, normal, and spanwise directions (respectively S'2, 522 53?)

as well as the macroscopic dimensionless normal temperature gradient (n):

- ou;  oU:
i2 _ _ ,.1/2 ) i 2
S Gr/* Py + (8X2 8Xi),
_ 09
T ax,

Notice that both S*? and n depend on only macroscopic variables; they repre-

sent the forcing of the outer flow on the near-wall state.

We still need to specify the asymptotic matching conditions which will even-

tually result in effective boundary conditions for the macroscopic problem, to



be applied some distance from the microstructured wall. They are:

lim U; = lim ew;, lim ©® = lim 6. (4-a, b)

Xo—0 To—+00 Xo—0 To—+00

3. Asymptotic analysis of the microscale problem

3.1. Ezpansion of the inner variables

Asymptotic expansions in terms of the small parameter € are introduced, and

like-order terms are collected, leading to a hierarchy of problems. We impose:

U; = uz(-o) + eugl) + €2 u§2) + ..,

and likewise for p and 6. Furthermore, using the chain rule we replace in the
0 b 0 n 0
€
81‘2‘ Y ami 8Xi
s are plugged into Egs. (3) governing the microscale problem.

microscopic equations the term . The asymptotic expressions

8.2. Reconstruction of the problem at different orders

The problems at the asymptotic orders of interest are given below.

3.2.1. O(€°) problem

8ul(»0)
axi — Y (5—&)
op© 9%
B gx- + e TRa 0% 6 =0, (5-b)
i J
5290
3303 — Y, (5'C)
with boundary conditions
ul(»o) =0, 09 =1 at 2 =yy, (5-d)

oul”  oul? 900
P 0y + ( B2y + Ay S, 2, 0 for zp — oo. (5-e)

10
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A solution of this problem can be sought by separation of variables, on account

of the linearity of the system, for the solution to take the form:
Wl = @S fulRe,  p©@ = pSP + piRe + Py,

with ;, uj, Pk, and p' tensors which depend on microscopic variables only, and
Py an integration constant function only of X;. After plugging the ansatz for the
order zero solution into the balance equations, it becomes clear that uniqueness
conditions are needed for p;, and p', which appear in the system only through
their gradients. We enforce the vanishing of the integrals of ), and p' over a
cubic cell of unit side length positioned sufficiently far from the wall (nominally
for zo — 00); this leads to the vanishing of Py. It is also clear that we cannot
stop the solution at this order, since the leading order temperature solution is
simply 6(°) = 1, i.e. the effect of the microstructure appears in the temperature
at the next e-order.

The dynamic problem at O(e") yields the same equations for u;; and Py
already given for the isothermal case by Bottaro and Naqvi [7], so that we can
anticipate that the first correction to the no-slip condition for the velocity will
be a Navier-slip term. Such a leading-order problem reads:

O,
83@

=0, (6-a)

opr 0%y,

_ =0 6-b
with
U, =0 at o =1, (6-c)
y Oy, Ol
Dk 042 + (8902 + oz, k at xy — 00 (6-d)

The f variables, which describe the effect of buoyancy on velocity and pressure

fields, satisfy the steady system:

L =0, (7-a)
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with
u:r =0 at z2=yu, (7-c)
oul oul
7pT 51'2 + (ax; + aff) =0 at To —r OQ. (7—d)

As it will be shown later on, the problems can be further simplified when x3-

uo  elongated wall ribs are examined, as in the case of riblets [20] 21].

3.2.2. O(e') problem

The equations at order € are forced by the order one state, i.e.

8ul(»1) B 8u§0) (8-a)
or; | 0X, ' .

opH o2ulV op®) 02ul”) oul” 0 oul”
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(8-b)
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with boundary conditions
ugl) =0 =0 at xy =y, (8-d)
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We must now substitute the results for ugo), p© and 0 into Egs. (8-a to 8-f).
As a first step, a solution for 811 is to be sought from the energy equation and

the corresponding boundary conditions. Specifically, these equations read:

920
7 =0 (9-a)
0 =0 at 2=y, (9-b)
(€]
(?xQ =n at xy— oo. (9-¢)

Owing to linearity, the solution can be written as:
0 = 0(z;) n(X,) (10)

The new microscopic field 0 solves the system

00
87{1}22 = O, (11—&)
0=0 at 5 = yu, (11-b)
00
D5 1 at z2 — oo. (11-¢)
The equations governing the behavior of ugl) and p) can be recast as follows:
ou" oS5h?
= i — 12-
ox; | FaxX, (12-2)
op»  2ulM ouf oul L0l
- L = REuL o+ RE |t +ul = | SF2 12-b
85& 8.%3 Gu] 3xj + G |tk ij + uj 8xj ( )

o 8’&11 k2 2 o 8Sk2 ~ o 83’“2 8ﬁik 85}@
+ Re [u]k o }S S™ + Ra Uik 5 Ran0di + pr X, Dz, OX,

J

with boundary conditions

ul(.l) =0 at X3 = Yu, (12-¢)

13
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Again, a generic form of the solution can sought, i.e.
k2
ugl) = dijk {an] T i [RG(SkZ)Q] T i [’RG5’12822] T i [RGSHSSQ]
aSkQ
i [ReS75%] + 0/ [Ra] + o [R25%] +uf [RY] + 1ty [R5
(13-a)
k2
p(l) = Djk [&X:| + Pk [Rg(SkQ)Q] + P12 [Rgs12522] + P13 [R(;SDSSQ]
J
ast
+ fas [RaS?2S%?] + ' [Ra ) + by, [RES™] +pt [RE] + pl, [RGat] )
(13-b)

Twenty-three decoupled systems of equations arise from substituting the pre-

ceding forms into Eqgs. (12). They are given in Appendix 1.

3.2.3. Taking the temperature condition to higher order

Given that the macroscopic velocity at the matching surface is now available
up to order €2 (cf. Eq. (4-a)), it is advisable to do the same with the tempera-
ture. Employing the values of the dependent variables at the earlier orders, the

microscopic energy equation at O(€?) now reads

90 50 00 00 on

'r] o k2 —‘» aé
=PrRg |0 — ik=mnS —nRag| —2— . (14-
al’% e ot +UJk8ijn +u]81}jn ¢ &rj 8X] ( a)
The boundary conditions are (%) = 0 at x5 = y,, and
26 ~ 0n
= —f— t . 14-b
A X, at 9 — 00 ( )

14
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The following general form for the solution of #(2) may be assumed:

92 =0 {;}” + 05, [PrRgnS*?] + 0™ [PrRE n] + 6" [Pr chﬂ . (15)
k

Eight decoupled systems of equations stem from substituting the latter form

into Egs. (14); they are provided in Appendix 2.

4. The case of transverse square ribs

As an example of the implementation of the theory, the case of transverse
square ribs is considered so that the auxiliary systems can be significantly sim-
plified. In particular, because of invariance along x3, all auxiliary problems sim-
plify considerably (with derivatives 9/0x3 set to zero), and only two-dimensional
Stokes-like (or Laplace-like, or Poisson-like) problems remain to be solved in the
(z1,22) plane, subject to periodic conditions along x;. A sketch of the micro-

scopic representative volume element is provided in Figure

Ittt %

00RJIONUT SUIYOIRA

Figure 2: Sketch of a unit cell in the microscopic domain, indicating coordinates and geometric

parameters.

Some of the microscopic problems admit trivial solutions. For instance, it is
easy to find that in the elementary cell we have @12 = g0 = U13 = Uo3 = Uz] =
llgy = u;g = 0, plus po = —1 and p3 = 0. The systems which do not have a
simple solution have been solved numerically by using the STAR-CCM+ multi-

physics software (version 15.06.007-R8), by successfully refining the grid until

15
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fully grid-converged states are found, for varying dimensions of the cell along
z2. Detailed numerical results of the reduced auxiliary systems relative to the
O(e%), O(e') and O(€?) problems are presented in Appendices 3, 4 and 5, for a
rib size to periodicity ratio, e/, equal to 0.25, and matching interface location

positioned at o2 = Yoo = 5.

4.1. A synthesis of the microscopic results

ters

icroscopic parame
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Figure 3: Behavior of the parameters of interest along a line in the x2-direction which goes
through the middle of the rib (z; = 0 with reference to Figure [2)). The displayed numerical

results are for the case e/¢ = 0.25 and yoo = 5.

The behaviors of the parameters of interest, those which contribute to the

effective boundary conditions, are presented in Figure |3 separating them into

16
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two groups according to their gradients in the xs-direction (either positive or
negative). At the matching interface (2 = yoo = 5), the variables contributing
to the effective boundary conditions are independent of x; and take the following

uniform values:

U1 = 5.0396, 33 = 0 = 5.0861,

ul) = tig10 = —tig1y = 12,6843, tig30 = —ilg33 = 12.9402,

uh =43.0376, ul, = —42.4485, ul, =6’ = —43.8582.

4.2. Effects of varying the matching interface location

The effect of changing the matching surface distance, Yy, on the values of
the seven independent groups of effective parameters has been analyzed with

the aid of successive numerical simulations, varying y., from 2 to 6, as listed in

Table 1.

Table 1: Microscopic results found at different values of yo for square ribs with e/¢ = 0.25.

Yoo U1 gz =0 ullr = U112 = —U211 U332 = —U233 U,l Uil Uée, =0
2 2.0398 2.0861 2.0819 2.1818 2.8935 -2.8114 -3.0271
3 3.0399 3.0861 4.5575 4.7680 9.5340 -9.2334 -9.7986
4 4.0396 4.0861 8.0795 8.3541 21.8505 -21.5067 -22.7422
5 5.0396 5.0861 12.6843 12.9402 43.0376 -42.4485 -43.8582
6 6.0398 6.0861 18.3994 18.5264 74.2034 -72.2463 -75.1465
Category (L) Category (Q) Category (C)
Linear relations Quadratic relations Cubic relations

An in-depth look into the table reveals that we have three categories of
relations between the values of the microscopic parameters at the matching
interface versus the location of the interface itself; specifically, linear, quadratic,
and cubic relations. Fitting the results, we get the following expressions for the

closure variables evaluated at 1o:

U11 = Yoo + As, ﬁ33:é:yoo+>\zv

17
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2 2

UI = U112 = —U211 = y%o + AeYoo +M12,  Uszz = —Ussz = y%o + A2Yoo + M2,
>
uy =2 {g" + M2 Y2, +Azyoo] + B,
2
upy = —2 [go +mi2 Y3, + A yoo:| + B,
3 2
ugz = 0" = —2 {ygo + Az y%o +m32yoo:| + Bay.

The dimensionless Navier-slip coefficients (A, A,), surface permeability coeffi-
cients (mi2, mssz), velocity-flux sensitivity (B), and time-fluctuations coefficients
(Bit, Bst) are only dependent of the geometric parameters of the ribbed surface,
e// in the case of square ribs. These coefficients can be calculated for any geome-
try of transverse ribs, once the microscopic numerical simulations are conducted
with any suitable value of 1., and the results of the microscopic parameters at

the matching interface are substituted in the fitting equations.

Simpler, accurate methods for the estimation of the coefficients of interest
are proposed within the present framework. The Navier-slip coefficients can
be calculated by running the simulations of the leading-order systems, forced
by S12 and S22, with a suitable value of y., to get, respectively, the fields of
111 and ug3; thereafter, the values of A\, and A, can be found by averaging the
corresponding field at the plane zo = 0. It is interesting that the same fields
can then be employed to estimate the values of mi5 and mss, making use of the

numerical result pointed out by Bottaro and Naqvi [7], i.e.:

’[ . _ . _ )
Uy = Up12 = —U211 = 11 dzy do,
S,

cell

U3z = —U233 = / i3z dzy dws,
s

cell

with Scen the surface of the representative near-wall cell.

18



The following values of the coefficients eventually arise when e/¢ = 0.25:

A = 0.03975, A, = 0.08609, mio = 0.002332, 3y = 0.009551,

B =0.0002399, B;; = —0.0000839, Bs; = —0.0007794.

10 4.3. The formal expressions of the effective boundary conditions

The expressions of the microscopic dimensionless velocity components are

now available up to O(e!), while the microscopic dimensionless temperature (6)

is known up to O(e?). The values of the preceding quantities can be linked to the
corresponding dimensionless macroscopic parameters at the matching interface,

s based on the concept of continuity of velocity (Eq. (4-a)) and temperature
(Eq. (4-b)). In particular, it is convenient to obtain the conditions on the
outer rim of the ribs, which amounts to specifying x5 = 0 in the matching
relations (Eqgs. (4-a, b)), along with setting y.. = 0 in the fitting expressions,
given in Section 4.2, for the microscopic parameters contributing to the effective

10 boundary conditions. Finally, we obtain:

Utl o =€ M 87 + mi2Ra]

+ ¢ {mu ?;: - 13’72%8—;?2 +B”RGa§;2]X Lt O(e*),  (16-a)
Us|y, o= —€ [mu gSle + mso gﬁ;ﬂ o + O(e%), (16-b)
U3|X 0= €Az SSQ}X o T€ [m32 gS;: B3tRGa§:2:| . + O(é%),

(16-c)
®|X o= 1+ EAZ% oo + € B3t Ra Pr‘;;z@at‘xz—o + O(e%). (16-d)

The no-slip conditions of the smooth surface are identically retrieved at
O(€%). The effective conditions for velocity are similar to those given by Lacis
et al. [6] and Bottaro and Naqvi [7] for flow over rough surfaces without heat

transfer. Nevertheless, the presence of the buoyancy terms, proportional to R¢
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200

and RG;—)% in the equation of the velocity component U, and of the time
fluctuation terms in the equations of (U, Us, ©) should be highlighted. We
emphasize that the presence of the buoyancy-related term is a first-order contri-
bution to the effective condition for the streamwise velocity, Uy, and is directly
attributed to the assumption that the Grashof number is sufficiently large, i.e.
€Rc = €2V Gr is of O(e!), and not O(€?).

In dimensional terms, the conditions on the plane s = 0 read
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. « |ou o] R Ty — Too
UL, _q = >\x 7A1 7A2 +m12 M
£2=0 0o 0% £0=0 v
First—order
) 0 b — Poo o .98 T
+m12[ A <_(p Poc) + 2 })} —|—Bﬂ A
01 W 92 ) | 4,0 v 0%,
Second—order
s 1 0 [0y Olio
+Bit— = | 5 A ) 17-a
" ot [8962 8:61L2_0 (17-2)
Second—order
. . 0 [0uy Ous . 0 [0ug Ous
A g |t 22 — gy | e , (17-b
(5] Z2=0 mlzafcl |:81A?2 8@1]@_0 m326563 {8:2:2 0@3 £2=0 ( )
Second—order
. < |ou ot . ) — Poo ot
sl, o @A |3 + A +Mm32 ~— P Pe) p)+2 -
22=0 0o 03] 4, 03 I 024, o
First—order Second—order
5 1 0 [0us 5‘@2}
+Bst— — |5 + 5 ) 17-c
3 v ot |:6.1’2 0T3 $2=0 ( )
Second—order
) . < or . 1 T
F0—0 ~ T’LU +)\Z - 3t — X = . (17—d>
Ta= ~ 02 |4, @ 0% Ot |5,—
Zero—order
First—order Second—order

The dimensional groups of coefficients (;\z, 5\2), (12, Mms3z) and (B, Bu, Bgt) are

homogeneous to, respectively, a length, a surface area and a volume, and corre-

spond to the product of their dimensionless counterparts times, respectively, [,

2 and 3.
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5. The role of rib height to pitch distance ratio: parametric study

From a practical point of view, it is advantageous to generate a database of
the values of the seven dimensionless, geometry-dependent coefficients of inter-
est, to cover a wide range of rib height to pitch distance ratios, e/l, in order to
enable the direct use of the effective boundary conditions for the macroscopic
problems. In this study, the ratio was varied within the range 0.025 < e/l < 0.8.
For each value of e/l, the procedure described in Sect. 4.2 for the accurate esti-
mation of the coefficients was followed. The resulting database is presented in
tabular form (Table 2) and graphically in Figure It is clear that all model
coefficients peak, in magnitude, within the range e/¢ = 0.1 to 0.3, which implies
significant velocity and thermal slip. All coefficients tend to zero as e tends to
zero or approaches ¢, for the effective boundary conditions at x5 = 0 to become

no-slip and isothermal wall.

Table 2: The upscaled coefficients of interest for different rib height to pitch distance ratios.

e/l Az Az mi2 m32 B Bt By
0.025 0.02158 0.02296 0.000265 0.000286 0.0000041 -0.0000041 -0.0000046
0.050 0.03667 0.04215 0.000874 0.001037 0.0000270 -0.0000250 -0.0000320
0.075 0.04593 0.05757 0.001601 0.002120 0.0000710 -0.0000580 -0.0000920
0.100 0.05061 0.06949 0.002250 0.003384 0.0001280 -0.0000940 -0.0001850
0.125 0.05188 0.07822 0.002725 0.004716 0.0001855 -0.0001195 -0.0003000
0.150 0.05094 0.08400 0.002979 0.005999 0.0002290 -0.0001297 -0.0004237
0.175 0.04853 0.08738 0.003029 0.007184 0.0002550 -0.0001264 -0.0005449
0.200 0.04567 0.08859 0.002898 0.008188 0.0002651 -0.0001144 -0.0006477
0.225 0.04265 0.08803 0.002663 0.008976 0.0002578 -0.0000992 -0.0007269
0.250 0.03975 0.08609 0.002332 0.009551 0.0002399 -0.0000839 -0.0007794
0.275 0.03699 0.08302 0.002022 0.009892 0.0002171 -0.0000697 -0.0007982
0.300 0.03459 0.07921 0.001718 0.009987 0.0001912 -0.0000593 -0.0007870
0.350 0.03011 0.07011 0.001188 0.009600 0.0001430 -0.0000442 -0.0007011
0.400 0.02589 0.06023 0.000836 0.008612 0.0001024 -0.0000323 -0.0005671
0.500 0.01776 0.04155 0.000434 0.005803 0.0000417 -0.0000136 -0.0002944
0.600 0.01146 0.02624 0.000230 0.003128 0.0000132 -0.0000055 -0.0001188
0.700 0.00662 0.01453 0.000101 0.001326 0.0000041 -0.0000017 -0.0000364
0.800 0.00315 0.00642 0.000031 0.000391 0.0000009 -0.0000004 -0.0000072
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Figure 4: The behavior of the upscaled coefficients of interest with the change of rib height

to pitch distance ratio. The curves are fitted on the basis of kriging interpolation.

6. Conclusions

A homogenization-based model for the study of the heat transfer by free
convection over regularly microstructured vertical surfaces is proposed. The
approach provides a computationally cheap alternative to the standard feature-
resolving simulations in the cases where the macroscopic behavior of the flow
is of interest, and it has been adopted in the past for the case of rough, mi-

crostructured surfaces, in the absence of thermal effects. The procedure, even-
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tually, yields parameters needed to enforce equivalent velocity and temperature

boundary conditions at a plane virtual surface, up to second order in terms of

__ pattern periodicity (£)
a small parameter € = plate length (L)

. Thus, the effective boundary condi-

tions derived here do not contain any empirical parameter.

The model is then applied to the case of two-dimensional square ribs charac-
terized by a rib size to pitch distance ratio of 0.25 as a representative example.
The auxiliary systems are then reduced to either two-dimensional Stokes-like
problems or Laplace-like or Poisson-like problems, which either admit trivial
solutions or require a numerical solution in a periodic representative cell of the
microscopic domain. The parameters contributing to the effective conditions
belong to seven independent groups, i.e. the numerical solution of only seven
auxiliary problems is sufficient to completely retrieve the effective conditions.
The results are then extrapolated from distant matching surfaces to the plane
passing through the outer edges of the ribs, beyond which the macroscopic simu-
lation is intended to be performed. The most significant finding of the procedure
is the proposed form of the effective boundary conditions. For the streamwise
slip velocity, a buoyancy-representative term acts as a corrector to the classi-
cal Navier-slip condition at first order, while pressure-gradient, temperature-
gradient, and time-derivative terms appear at second order. A Robin boundary
condition appears for the temperature effective condition, where a normal tem-
perature gradient term, with a coefficient identical to Navier’s spanwise slip
coefficient, corrects the uniform wall temperature. The spanwise slip velocity
and the transpiration velocity are also considered, to allow for example using the
model in turbulent flow cases where the spanwise and the normal velocity fluc-
tuations are to be resolved in direct or large-eddy numerical simulations [6], [14].
Finally, a parametric study is conducted to investigate the effect of varying the

rib size to pitch distance ratio on the values of the coefficients.

The proposed approach represents an improvement to the upscaling model

of Introini et al. [I9], because: (i) the buoyancy effect is considered in the
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microscale problem, relaxing the validity restrictions of Introini’s model; con-
sequently, the proposed model yields accurate macroscopic results at relatively
high Rayleigh numbers [22]; (ii) the asymptotic homogenization method adopted
here represents a rigorous tool to formally advance in the order of accuracy; (iii)
second-order accurate boundary conditions are attained, an enhancement to the
validity range of Introini’s first-order approach; (iv) the inclusion of the tran-
spiration velocity fluctuations allows for turbulent flow simulations at a fraction

of the cost of feature-resolving simulations [0, [14].
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oo Appendix 1: Auxiliary systems for the problem at order e

The microscopic auxiliary systems at this order are arranged, according to

the macroscopic forcing term, in the following groups:

k2

Group (I): Forcing by the gradient of the outer stress (9 systems) X
J

aQ’dijk @ﬁjk Oy,
= prdi; — 2——, 18-a, b
333% 0x; PrOi O0x; (18-a, b)

aﬂijk
5xi

v

= —Ujk,

subject to

Uigr =0 at 23 = Y, (18-c)

adijk (9’llgjk
3902 89:1

—]jjk di2 + < ) = — (’azk (5j2 + Uop (Sij) at xo — oo. (18—d)

Group (II): Forcing by the square of outer stresses (3 systems) Rg(S%2)?

Ol D%y, Opy Ol
= _ 2Ry 19-a, b
ox; ’ ox? 0x; ek Oxy’ (19-2, b)
subject to
Ulk = 0 at T2 = Yuw, (19—C)
. i ot
— Dk 51'2 + ( am;k G;Zk) =0 atxy— o0. (19—(1)

Group (I1I): 3 systems: RgS'25%2, R S125%2, RgS?2.832
(a) RGsl2s22

Olij12 0?12 OP12 Oliio Oty
—0 _ P _y y , 20-a, b
Ox; ’ ox? Ox; e Oxp + ez Oxy (20-2, b)

subject to
U2 =0 at x2 = Yy, (20-c)
; Olij12 | Oligio

— 0; —= 1 =0 t — 00. 20-d
P12 02 + ( s B2, at zo 00 ( )
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(b) RG512532

Oiig13 0 D%z Opis M O3 L Ol
= - = g £3
0x; ’ ox? 0x; Oxy Oxy’

subject to

ﬁilg =0 at T2 = Yuw,

Otijis  Oligis
8$2 (’)xi

— Pig a2 + (

(C) RG522 532

Olijo3 0 D?iiio3  Opas M Otz L Otiio
= - = ligo ‘3
&ri ’ 8%? 89@ 5‘@ ail'g ’

subject to
ez =0  at X2 = Yo,
Olijoz  Olinas

8332 + 8351

— Pog i + (

Group (IV): Coupling through the heat flux (1 system): Rg 7

ou;’ 0 02w’ oy
ox; ox? Oy

= *551'17

subject to
u' =0 at To = Yy,
ou;’ Ous’

8.’172 + 8.’1%

p/5i2+< )0 at To — o0.

Group (V): Forcing by the outer stress (3 systems): RZS*?

I &uy,  Op Al di;
Sk, u;k —ﬂZﬁek&-i-u(E ik
ox; ox; ox; 0xy 0xy

subject to

Uy, =0 at x9 = Y,

O, n Qg
8%‘2 8:3,

pk5i2+< )—0 at 9 — oo.

27

)0 at xo — o0.

):O at x9 — 00.

(21-a, b)

(21-c)

(21-d)

(22-a, b)

(22-c)

(22-d)

(23-a, b)

(23-c)

(23-d)

(24-a, b)

(24-c)

(24-d)



Group (VI): Forcing by a constant, buoyancy-related term (1 system): ’R%

out o2t opt Ol
L =0, L — = CH 25-a, b
ox; ox? Oy e Oxy (25-2, b)
subject to
uf =0 at zg = Yo, (25-c)
out oul
—pts; i 21 =0 atax;— . 25-d
p 2*(81;2*6@) at x3 — 00 (25-d)
ast
Group (VII): Forcing by outer stress time fluctuation (3 systems): R¢ 5
dul, 0%ut opt
ik — ik k::vi, 26—,b
ox; ’ ox? 0x; Uik (26-2, b)
subject to
uy, =0 at x5 = Yo, (26-c)
out,  Oul
t ik 2k
P+ (S + 2R ) =0 at ay — 0. 26-d
Pk 2+<3x2+8xi) at xg — o0 ( )
Appendix 2: Auxiliary systems for the temperature at order €2
215 The eight microscopic auxiliary systems, defining the problem of the order
€2 temperature, are arranged as follows:
. o e n
Forcing by 2™¢ derivative of the outer temperature (3 systems): Eyel
k
90}, 20
= -2 27-
61'12 8(Ek ’ ( a)
subject to
, o0,
0, =0 at xo =y, —=& = —0dys at xo — oo. (27-b, ¢)
3x2
Coupling through the outer stress (3 systems): PrRg nS*?
9%0; a0
= 1 ) 28-
o2 ik 0x; (28-2)

K2
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subject to

00}
8.732

0; =0 at xo = Yy, =0 ataxy— 0. (28-b, ¢)

Forcing by the outer temperature gradient (1 system): PT‘R% n

20 L 00
Ox? W ox;’ (29-2)
subject to
0" =0 at o2 = yy, =0 atxy — 00. (29-b, ¢)
81}2

0
Forcing by time fluctuations of the outer heat flux (1 system): Pr?{’,g—77

ot
0%t~
871'% = 9, (30—&)
subject to
+ 00!
0" =0 at xo =y, — =0 at xy — o0. (30-b, ¢)
81'2

Appendix 3: Numerical results of O(e°) systems: e/f = 0.25, yoo = 5

280 The systems S*2 (Egs. (6)) represent the forcing of the leading-order prob-
lem by the three outer stresses (streamwise, normal, and spanwise). For the
sub-system (S'?), the results of the Stokes problem (i1, 21, p1) near the rib
are shown in Figure |5l The only result of interest is @1; which increases mono-
tonically with the coordinate x5 until reaching a value of 5.0396 at x2 = yo, = 5.

x5 The result of the decoupled Laplace problem for the sub-system (S%2) is shown
in Figure [} The value of ti33 monotonically increases with xs, reaching the

value 5.0861 at the matching surface ro = yoo = 5.
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Figure 5: Numerical results in the proximity of the solid surface for: (left) 11; (center) ta1;

(right) p1.
1.1

0.75
Io.sg
0

Figure 6: Numerical results for 33 in the proximity of the solid surface.

The system R (Egs. (7)) represents the leading-order effect of the buoyancy

force on the microscale problem. The results of the Stokes problem (uJ{, u;, ph)

20 in the vicinity of the rib are shown in Figure [} The only result of interest
is u]{ which monotonically increases at a slowing rate with the coordinate xs,

reaching a value of 12.6843 at x2 = Yo, = 5.
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Figure 7: Numerical results in the proximity of the solid surface for: (left) uJ{; (center) u;;

(right) pf.

Appendix 4: Numerical results of O(e!) systems: e/£ = 0.25, yoo = 5

For the temperature problem, the similarity between the Laplace system
describing the microscopic parameter 6 (Egs. (11)) and that describing tss
allows for a solution of # identical to that shown in Figure Iﬂ The velocity-
related problems may be categorized as follows:

I- Systems with trivial solutions

The similarity between 0 and 33, in addition to the already mentioned trivial
solutions of many parameters in O(€®) problem, simplifies and reduces different
systems of equations in O(e!) problem. The systems %S—XZ:, RZS*, Ra(5%2)2,
Rc(5%?)2, R (S125%2), R (S5%2532), and Rg%? admit, respectively, the triv-

ial solutions:

8522
OX : U122 = Ug22 = U322 = 0, P22 = T2 — Yoo,
2
2¢22. = = =
R&S™ 1 Wi =T =Uze =Py =0,
222 . . . . .
Ra(S79)° 1 o = lloge = liger = Pz =0,
3212 . . T T e
Ra(S7%)% 1 disg = lozz = ligz3 = P33 =0,
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Ra(S™5%) 0 iingg = g1z = fig12 = P12 =0,

Ra(SP5%) 1 iings = iigag = figes = fiaz =0,
8522
G ¢ ujy = uhy = uiy = ph =0.

II- Systems with all parameters vanishing away from the wall

Poisson-like systems

w The systems forced by 23 12, 6532 , R%,5%2 and ReS'2532 can be reduced to

two-dimensional Poisson-like problems.

U331 U343
0 007

0 0035 I .

I—O .0035
-0.007

Uszs 313

1 7 e-4 1.7 e-4
s 4e-5 I8.4 e-5

0
I—8 4 e-5 -8.4 e-5
-1.7 e-4 -1.7 e-4

Figure 8: Numerical results of Poisson-like systems, in the O(e!) problem, with no contribution

to the effective boundary conditions.

The numerical solutions reveal that the values of the parameters w331, U313 , Uss ,
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and 1313, respectively, vanish away from the ribbed wall, giving no contribution
to the effective boundary conditions at the matching surface, as displayed in

ss  Figure [8] The other parameters included in the above-mentioned four systems
have zero values throughout the unit cell.

Stokes-like systems

Uyq
0.005

I0.002

. ’
@@ I-0.003
-0.005

ﬁlll
0.0003
0.0001

@) .
@@ I-0.0001
-0.0003

I

U1 0.028 U2 0.043 pi

0.014 I
0

-0.8

P11
0.03

l 0.02

I0.0002
0 0
I—0.000Z -0.02
i

-0.0004 -0.03

— e

15
0 0

@@ I-0.014 I.o.ozz / I-1.5
-0.028 -0.043 3

Figure 9: Numerical results of Stokes-like systems, in the O(el) problem, giving no contribu-

tion to the effective boundary conditions: (top) RZS'? system; (middle) R¢ (512)? system;
(bottom) R, system.

The systems forced by RZS?, R(S12?)2, and RE, can be reduced to two-

s dimensional Stokes-like problems with the values of wsp, 311, and ug equal

33



to zero throughout the unit cell. The non-trivial solutions of the Stokes-like
problems show that all included parameters vanish away from the ribbed surface,

as can be seen in Figure [0

ITII- Systems with non-monotonic behavior along the y-direction

The analysis of the systems forced by %LXl: and %S—XS: shows non-monotonic
quadratic behaviors of the parameters w127 and w323 along the zo-direction,

with vanishing values at the matching surface, as shown in Figure

u121 Upo1 P21
0.15 Is
0.075 25

I'l| @@ I leal

D

Uss 4. 5
5.5 4
| s
— N + Numerical results of i, along a line z; = 0
—_— 28
I1.4
0

S5 123
12
Figure 10' Systems with non-monotonic behavior: (top) %STz: the Stokes system; (bottom-

x Numerical results of l]m along aline z; = 0

—Fitting equation: 121 = (X2 + 11|, 5 = Yeo) (oo = ¥2)

--Fitting equation: #1353 = (%3 + i3]y, -y =Yoo} (Yoo = ¥2)

ulZl’ u323

left : the Laplace system; (bottom-right) graphical representations of the non-monotonic

behav1ors7 with the quadratic fitting form by Bottaro and Naqvi [7], admissible above o = 1.

The other parameters included in the two systems have no contribution to
the effective boundary conditions at the matching surface as they either mono-

tonically vanish away from the rib (tg21, pe1) or have zero values throughout
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the whole unit cell (321, U123, %23, D23)-

IV- Systems with a monotonically-decreasing parameter of interest

Poisson-like system

The system forced by Rgag—:z can be reduced to a two-dimensional Poisson-
like problem in which the only value of interest is u%;. The contours of u%s
in the vicinity of the rib are shown in Figure The value of this parameter
experiences a monotonic decrease along the zo-direction, reaching a value of

about -43.8582 at 2 = Yoo = 5.

- 0
.-4

-8

2

-1
e TR
-20

Figure 11: Contours of uég in the vicinity of the wall.

Stokes-like systems

The analysis of the systems forced by %S—le7 %S—;;, and Rgag—:z shows that they
become two-dimensional Stokes-like problems with vanishing values of w311,
U333, and uf; throughout the unit cell. The numerical results of 211, o33,
and u}; show monotonic decrease along xo, reaching values of about -12.6843,
-12.9402, and -42.4485 at the matching interface, respectively. The numerical
results of the preceding systems in the vicinity of the rib are shown in Figure

12
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Figure 12: Numerical results of Stokes-like systems, in the O(el) problem, with parameters

uzss

433
0. 0085

0.0043

. . . . 9512 . 9532
having monotonic decrease along the xo-direction: (top) oxT system; (middle) 5%5 system;

(bottom) R

2
8gt system.

V- Systems with a monotonically-increasing parameter of interest

Poisson-like system

The system forced by %S—): can be reduced to two-dimensional Poisson-like prob-
lems in which the only value of interest is t332. The contours of %332 in the vicin-
ity of the rib are shown in Figure The value of this parameter experiences a

monotonic increase with zo, reaching a value of about 12.9402 at x5 = yoo = 5.
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Figure 13: Contours of %332 in the vicinity of the wall.

Stokes-like systems

The analysis of the systems forced by %S—;f and Rgn shows that they can be
reduced to two-dimensional Stokes-like problems with the values of 312 and u}

equal to zero throughout the unit cell.

U7 Uyq2 p
0.32 12
I10 I : Izo

u1

— 15

10
Is 0.2 I-10
0 g O 0.4 20

Figure 14: Numerical results of Stokes-like systems, in the O(el) problem, with parameters

0.16

having monotonic decrease along the zo-direction: (top) system7 (bottom) Rgn system.
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The numerical results of 412 and v} show monotonic increase with x5, reaching
values of about 12.6843 and 43.0376 at the matching interface, respectively. The

numerical results of the preceding systems in the vicinity of the rib are shown

in Figure [T4]

Appendix 5: Solution of O(€?) temperature systems: e/f = 0.25,

Yoo = O

22 32 on_ . .

The systems (Rg Pr S#n), (Rg PrS°*n), and (6X3) admit, respectively,
the trivial solutions 63 = 05 = 05 = 0. For the other systems at this order,
similarities are recognized with specific Laplace-like problems in O(e!) problem.

In particular, it is simple to see that:

! . ! . *ok — t t * -
01 = 313, Oy =323, 0" =Tuzz, O =wug3, Of =1izs3.
Therefore, the values of these microscopic temperature parameters at xo =

Yoo = D are:
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