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|deal-fluid flow

|deal fluids are inviscid and incompressible
V.v=0

OV |
— V-V)v=—-V f
8t+( )V 0 Pt

v-n= U_-.n on solid boundaries,
l.e. the body surface Is a streamline.
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|deal-fluid flow

KCT: if the flow of an ideal fluid is initially
irrotational (say, the flow upstream of a body
IS uniform) it will remain irrotational once the
fluid particles are near the body, I.e.

£ =0 everywhere in the fluid.

Since V x V¢ = 0 for any scalar function ¢,
the condition of irrotationality Is satisfied by

V=Vo
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Velocity potential

(/5: velocity potential

irrotational flows < > potential flows

quﬁ =0

o P
ot p

Vq‘) Vo — G = F(1)
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Two-dimensional potential flows

The function ¢ satisfies the irrotationality constraint.
In 2D the streamfunction ¥ can be introduced to satisfy
automatically the equation of continuity.

In Cartesian coordinates: d” + o — 0
)x Oy
and 1/ is defined from: o O
_ — UV = ——
oy Ox
(valid both for rotational and irrotational flows)
Y o e oall ()21//
(= 0v/Ox — Ju/dy > 52 T 9 =0
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Two-dimensional potential flows

Both ¢ and Y are thus harmonic functions, with
streamlines and equipotential lines orthogonal to one
another. Furthermore, we have:

] dp O

U = I ()—y Cauchy-Riemann

. conditions for

09 O (x,p) and Y(x, y)
o dy  Ox
Complex analysis: let us introduce the complex
potential F(z) defined as: _
F(z) = ¢(x,p) + iy (xy)

v

with z = x + iy
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Analytic functions

F(z) is analytic atz = z, € C if it admits a power series
expansion which converges for all z sufficiently close to z,.

Cco

F(z)=ag+a,(z—2zy)+a,(z—2y)% + = Z a,(z — zy)"

n=0

F(z) analytic function <{———> C-R conditions satisfied

F(z) analytic function <——> dF/dz is a point function
which Is independent of the
direction along which it is
calculated
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Analytic functions

—_

dFF  OF
W) = = ox
09 Oy
- Ox i O0x e
— C DI W(z) =—=u—iv
dF  OF dz
W(z) =
dz lay
_ 09 oy
~ 'y oy

— WW = (u—iv)(u-+iv)

Wi(z): complex velocit
(2) P y B S R VIRY

Aerodynamics 8 Chapter 3: Potential flow theory




Analytic functions

Cylindrical coordinates

<

= v,.€0S0 —vg sinf
v, Sin6 + vg cos b

<
|

W =V, (coslO — isin0)) —1V,(cos () — isin()

(vr — 1 v@)e_ie

These results are sufficient to establish flow fields
represented by simple analytic functions.
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Uniform flow

- b b4 //
- &
X A X
F(z) = Uz F(z) = —iVz F(z) = ce "z
W(z) =u—iv=U W(z) =u—iv=—iv T O

v— ¢ SIn o
(U, V, cand « real)
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Source, sink and vortex flows

F(z) =clogz=clogret®® =clogr+icé

¢ =clogr Y = co

W(z) =< = St
Z r
C
log z multivalued function v, = - vg =0
— 0=0<2m (origin: singular point of « velocity)
V 2T V/L
/L=j0 v, d8 = 2mc F(Z)=Elogz

Aerodynamics 11 Chapter 3: Potential flow theory




Source, sink and vortex flows

: F(z) = —iclogz = —iclog ret? = —iclogr +c6
p=co0 Y=-—clogr
A c c .
i W(z) =—i-=—i-e
| — 0 ¢
log z multivalued function " Yo T
0<0<2n (origin: singular point of co velocity)

2T I
[ = }g v -dl = j vgrdf =2nc  F(z) =—i— logz
. 0 2T
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Flow In a sector

F(z) =cz", n=>1
(F(z)1s a harmonic function)
F(z) = c(ret®)™ = cr™ cosnf +
+icr"sinnf =
= ¢+ Y
ford =0, n/n -y =0

W(z) =ncz™ ! = (ner™ ! cosnb + incr™ ! sinnf)e=
v, = ncr™ ! cosnb . "

1 n = 1 uniform rectilinear flow
Vg = —ncr’™ " sinné n = 2 right-angled corner
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Flow around a sharp edge

F(z)=czY? ceR 0<0<2m

(F(z)1s a harmonic function)

F(z) = ¢ (re®)/2 = cr'/2 cos 3/2 +
+icr1/2 sine/z = ¢ + Y

dF 1 _1 1 _1 —i6
W(Z)zazzcz /Zzzcr /Zel/2=

1 1 6 . . 06 .
==C7 /Z(Cos—+lsm—)e Lo
2 2 2

The corner (r=0) is a singular point, and
the velocity is singular as the square root
of the distance from the edge (Kutta!).
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Superposition principle

Linearity of the equations allows superposition of
elementary flows to create more complicated flow
patterns:

https://youtu.be/4x29676GgNQ
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Doublet
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Doublet

log(1+7) = 7+ 0(?)

eyt o(2)

lim, o ¢ V/ [ = T, with u a finite constant

L

F(z) =~

(F(z) s another harmonic function)
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Doublet

[
F(z) = a Streamlines: y = constant
X+ 1y b
X — iy Ay oy =0
—H ST
X< +) o ;Jrﬁ z_ ﬁz
oY== y J ! 2¢)  \2¢
2 _|_y2
Circle of radius (t/(2/) centered
inx=0,y=—u/(2y)
W(z) = _E B2 —i(cose — isinf)e 0

Z2 r2 r2
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Flow past a circular cylinder

Let us superpose a uniform rectilinear flow to a doublet in the origin

F(z) = UerE

Z

On a circle of radius r = a we have z = ae'® and the complex
potential on this circle is

F(z) = Uae" y Hei

d
— (Ua + E) cos ) + i(Ua - E) sin 0
( (
A
so that the streamfunction on the circle is { = (Ua — %) sin (/
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Flow past a circular cylinder

A
W = (Ua — L) sin () Let us choose the strength of the doublet
. nw=Uas# —— PY@=0

F(z) = U(z + a*/z2) Fi_elds are symmetri(_:,
no lift nor drag on cylinder!
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Flow past a circular cylinder

Y 10y a’
Ur=;%=l] 1_1"_2 cos 6
2U oY < a’
vg=——-=-U|1 +—2>sin6
. or r
e
From Bernoulli's equation, the
2 surface pressure (in r = a) is:
S (6=0,n) _ 1
Stagnation Point, D = Deo + —pUz(l . 4sin26)
T(0=m/2,3n2) Y 2 \ |
Point of Max. Velocity Y Cp
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Circular cylinder with circulation

Circulation implies lift: let us add a vortex, centered in the
origin, to the previous solution:

2
18
F(z) = U(zqta ) : logE

z 2

so that y¥(a) = 0, as before.

2 T 1 2 - |
Wiz) = U(l az)_ 22 U(1 _a_ze—2u9> _ 4 -6

z 27 Z

_ [U (eie _a_ze—ie) _ir | -is
T'Z

2TTr
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Circular cylinder with circulation

a’ , a’\ I o
=3U 1——2 cos@ +ilU 1+—2 sin@ ———|;e !
r T 27T

_ o B
vrzU(l—r—2>cosH [> v.(a) =0

Y P L (@) = —2U sin @ + —
Vg = 7"2 Sin T VglA) = Sin o

stagnation points sinf. — I

on the cylinder: ’ 4nUa
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Circular cylinder with circulation

Negative (clockwise) circulation of magnitude I

N
M
il hiele
FOOIONON
BT
ateteleteteleteds
Heleleleleleletelele
720 20250000508060
'steleleletetelelele
f""’l“"‘l‘l‘l‘l‘i‘ '1
bW s
R o
aeiatatetnlelels

L 2 X
TR0

7

-

£ 2

=1 — <1

4talU AtalU - 4talU

https://youtu.be/wxdXB7N5pbQ
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Circular cylinder with circulation

g _ 3T
In the last case the T2
o (oo, | Ta_=r [ [ ety
o a 4nUa I

No drag (Y symmetry!) but lift appears on the cylinder.
From Bernoulli it is easy to find the surface pressure:

1—|2 sinf@ [‘2
>t 2rtlUa
J C

| P

1 2
Ps = Poo +§pU

\
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Circular cylinder with circulation: lift force

v
A .
I R P n=(cos & sin )
// \\ i
N | e )Ié: 27
;/ a \)',': -\ Ny ’
; EARCE F = ¢—pndl= —ps,nadb
‘ X
0

AN / Fx:DIZO Fy=L'=—pUF

4 J

D’Alembert Kutta-Joukowski
paradox theorem
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Real life

boundary layer
separation

Magnus effect. Large lift, however the cylinder is not
a satisfactory lifting device because of the large drag.
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Kutta-Joukowski theorem

The Kutta-Joukowski theorem, L'= —p U, with L’
acting always perpendicular to the direction of U,
applies not just to a cylinder, but to 2D bodies of any
shape, in unbounded domains.

We can show that K-J theorem applies by using a
simple heuristic argument or we can demonstrate it

In @ more rigorous way. For the latter we need to resort
to complex variable theory and to the so-called Blasius
formula ...
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K-J: the gqualitative argument

—_— U+U  p-op TI:usC?lrfon (flat ||3|Iate)I of
U-0U prop chord ¢ at small angle

of attack

r=U-dU)c—-(U+U)c=-20Uc
Bernoulli: (p+ o) + p(U-)42=(p- M)+ p U+ )42

smaller order, can neglect

200 =2pU 8+ p ()

force on airfoil per unit span: | F,=c2p=2cpUU=-pUT
(acting L to airfoil ...)
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A quick recap on complex analysis

Complex analytic functions have been defined in slide 7.

Also: a complex, single-valued function F(z) which is
differentiable in z, and in a neighborhood of z, is said
to be analytic (or holomorphic) at z,. As already stated
a sufficient condition for differentiabllity is that C-R are
satisfied.

LY X
F/\ Fz) — |
D

.

v
e
L/ F(2): D — S\—\j
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A quick recap on complex analysis

If F(z) is analytic inside and on a circle C centered In
z = 7y, then F(z) admits a Taylor series representation
for any point z inside C:

F''(z9)
2!

F(z) =F(z9) + F'(z9)(z — zy) + (z —zp)* + ..

— all complex functions, analytic in a neighborhood of z,,
are infinitely differentiable in a neighborhood of z,.
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A quick recap on complex analysis

Singularities
There are three possible types of singularities of the complex
function F(z): poles, branch points and essential singularities.

We will mostly be concerned with the first type.

Pole: a singular point z = z; is called a pole of order n
(n >0, n € Z) ifand only if

h(z)
Flz) = (z — zp)™
where h(z) is analytic at z = zy, h(z,) # 0.

The simplest example of the case above is F(z) = 2 Z e
40

with a + 0 a complex constant.
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A quick recap on complex analysis

Cauchy theorem (or Cauchy-Goursat theorem)
If F(2) is analytic inside and on a closed curve C, then

f F(z)dz =0
C

This implies that the contour can be deformed provided we
do not cross singularities.

C
Cs " § F@dz=§, F(z)dz=0
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A quick recap on complex analysis

If F(z) is analytic in an annulus centered around some
point z = z, (and z = z, can be a singularity of F(z)) a
Laurent series is defined in the annulus as:

(0.0)

F)= ) anz—2)"

n=—0o
t;

Z,t

Zl+

(keep an eye onn = —1!)

(if z=2z, isnotsingular-» a,=0 forn=-1,-2,-3 ..
— the Laurent series coincides with the Taylor series!)
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A quick recap on complex analysis

The residue theorem

Assume that z; and z, are two singularities, contained within
a closed contour C.

We deform the contour

C until we get to the

situation in the figure.
C Then:

jé F(z)dz = f F(z)dz + % F(z) dz = 2mi [a(_zll) + a(_Zf)
C Cq C2

a_, IS the n = —1 coefficient of the Laurent series around each
singularity; a_; is the residue of F(z) at the singular point.
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A quick recap on complex analysis

Examples:

)z end starting point and
Sﬁc k z"dz = z =0 n=20,1,2 .. endpointcoincide

n+1 | eragrt for closed curve!
f — dz = 2mia_, = 2mik from residue theorem
c Z
k end end end
Check: f — dz = k log(z) = k log(r) + ik6 = 2mik
C Z start start start
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A quick recap on complex analysis

At this point you should watch — in the given order - the short
videos by Prof. Michael Barrus (URI), to review and better
understand the basics of complex analysis (i.e. all that we
really need to know, at least until now):

https://youtu.be/PNnpcTeOuAY
https://youtu.be/XplQ9SHe6NU
https://youtu.be/S- bMON1mMzQ
https://youtu.be/oMpWn90ETNo
https://youtu.be/xZ0S8Ywwc9o
https://youtu.be/GPqVd30eHrg
https://youtu.be/eWO0ArgJ3isk
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A quick recap on complex analysis

Exercises (first set)

For the complex functions which follow find the singular
points (poles) and calculate the residues in the poles.

f(z) = i (first order pole in z= 1, residue: a_; = 1)
COS Z
f(z) = ~ (first order pole in z= 0, residue: a_,; = 1)
27z + 3 _
f(z) = - (two first order poles ...)
ZZ
f(z) = VY (two poles of order two ...)
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Blasius formula

n = (cos a,sina)
dl = dl (—sina, cos a) = (dx, dy)

ndl =dl (cosa,sina) = (dy, —dx)

F'=3€ —pndl = (D', L")
C

body
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Blasius formula

D' = f —Dg dy L = f D dx
C C

body body

D’—iL’=—f ps(dy+idx)=—ijg ps dz
C

body Chody

In steady flow: p + %pWVT/ = constant

D’—iL’=ig WWw dz

Cbody
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Blasius formula

Wdz=dF =d¢ —id

Wdz =dF =d¢ +idy since Y = constant is a
| streamline on the body

> On the body: dF = dF = W dz = Wdz

D' —il = ig W2 dz Blasius
Cbody formula
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Blasius formula: application

Aerodynamics

The integration path can
be deformed, provided
that we do not cross
singularities.

Blasius integral formula
can thus be used,
integrating W?2 on the
complex plane around the
closed path C., very far
away from the airfoil On

1
this path we have ~ — 0.
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Blasius formula: application

r 1 dF r 1 1
F(z)=Uz+%logz+0(;) — W=—=U+—~—+ 0<_>

- dz 270 Z Z2
W2—U2+FU 1+ 0(1>

Tl Z VA _
residue
2 — 2 - . —_
Bepoay W A2 =¢, Wdz=2mia, =2TU
. Y Z .

From Blasius formula;: D —iL = L5 2TU)=ipUT

D'=0 L'=—pUT
D’Alembert paradox and for I" < O (clockwise

circulation) we have upward lift
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Blasius formula: application

Exercises (second set)

1. Consider a 2D body which moves in a motionless fluid. The fluid remains at
rest far from the body. Show that the circulation around the body is

[ = gﬁcbodyv -dl = Real . dF,

with F the complex potential, and C a contour, to be followed
counterclockwise, taken at a large distance from the body (provided - of
course! - that singularities are not crossed as the contour is deformed).
Then, show that the volumetric flow rate (per unit depth) computed around
a contour fixed on the body is

v/ = fﬁ
L Cbody

Under which conditions the integral above does not vanish?

v-ndl = Imagf dF .
C

2. Use Blasius formula and the residue theorem to compute the components
D' and L' of the aerodynamic force on the Rankine body (uniform flow +
sourceinz =0 +sinkin z = e).
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Conformal mapping

Complex variable theory is a powerful tool for the solution
of 2D incompressible potential flow problems through its
mapping properties. A conformal mapping creates a
geometrical correspondence between two planes, by the
use of the analytic function f({).

e —
o -
- - - X Y
o ol e A g }
o S o S

& 255
R a e e
titatetetetalatatatitel,

iInverse function
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Conformal mapping

: | V)

v

(=pe
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Conformal mapping

Theorem

The analytic, single-valued function f(¢) in the domain D
admits an inverse analytic function in D’ whose derivative
] 1 ]

IS 7y l.e.

1

; inz=f({)
f($)
provided itis f'(¢) # 0 at every ¢ point, so that the inverse
function is differentiable. The points where f'({) =0 are
called critical points. Thus, the analytic inverse function
g(z) = f~1(z) exists away from critical points in D.

d - —
E[f ()] =

On critical points the transformation is non-conformal.
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Conformal mapping

z=f()=x+1y
{=f"12) =g =&xy)+ in(xy)

If the function g(z) is analytic, it must satisfy C-R, i.e.

as  0n
dx 0y
V¢ =v?n=0
g¢  On
dy  ox
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Conformal mapping

First question: what is the effect of the transformation
z = f({) on the potential function and on the streamfunction?

If ¢(x,y) is harmonic on D’ it can be shown that the

transformed potential ¢(&,n) is also harmonic (in D), i.e.
the transformed motion is also a potential motion.

Same applies to ¥ (x,y) and Y(&,n).

(shown, for example, in the book by Currie, 3" edition, pages 105-108)
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Conformal mapping

First question: what is the effect of the transformation
z = f({) on the potential function and on the streamfunction?

F=F(z)= ¢(xy)+ip(x,y)

F=F[f(Ql=F@) =¢E&m+ih(&n)

and viceversa if starting from F({)

If the solution for a simple body is known, e.g. in D, then
the solution for the more complex body in D’is found by
substituting ¢ = g(z) in the complex potential F({).
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Conformal mapping

Second question: what is the effect of the transformation
z = f(¢) on infinitesimal linear elements?

z-plane {-plane
ty ¢ Tn .
dz o
P
di /g
F
> X > &
dz = |dz| exp(ia) d¢ = |d{| exp(iB)
dz Q) = dz _
7= 1@ = [F|ewli@-p]
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Conformal mapping

Second question: what is the effect of the transformation
z = f(¢) on infinitesimal linear elements?

Since f(¢) is analytic on D, the derivative f'({) does not
depend on the direction d¢; all lines through a point are
stretched and rotated by the same amount.

dz = d¢ |f'()] expli(a — B)]

- |dz| = |d¢| |f' (D] stretching factor: |f'(0)|
_ arg(dz) = arg(d{) +\(a — ,8)} rotation by a —

L -

Y
arg(f")
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Conformal mapping

Second question: what is the effect of the transformation

z = f(¢) on infinitesimal linear elements?

For points where |f'({)]| # 0
the transformation
preserves angles ¢
between pairs of
corresponding
Infinitesimall
elements.

arg(dz,) — arg(dz;)

tplane

arg(dd,) — arg(dd,)

Aerodynamics 53
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Conformal mapping

Third question: what is the effect of the transformation
z = f(¢) on the complex velocity?

W )_dﬁ'_dFdz_ ,dF_ »

D=~ wa ="

l.e. complex velocities are proportional to one another, and
the proportionality constant is the derivative of the

transformation.

Critical points (|f'|=0) are stagnation points on the {-plane,
l.e. stagnation points in D are not necessarily stagn. pts in D’
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Conformal mapping

Fourth question: what do sources, sinks and vortices in one
plane become on the other plane upon transforming?

Let us integrate the complex velocity around a closed contour
c in the z-plane.

-

dl = (dx, dy)
n 1L dl

. (d% —dX)
Y

(n-dl = 0)
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Conformal mapping

Fourth question: what do sources, sinks and vortices in one
plane become on the other plane upon transforming?

We already know that: %zjé v°ndl:7g udy —vdx
c C

Y

and

=j£ v-dl = f udx +vdy
Cc C
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Conformal mapping

Fourth question: what do sources, sinks and vortices in one
plane become on the other plane upon transforming?

jg W(z)dz=¢ (u—iv) (dx +idy)

f udx+vdy+i¢ udy —vdx

C C
[+ M
— [ —
L
(assuming a single source or
sink and a single vortex within

the contour)
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Conformal mapping

Fourth question: what do sources, sinks and vortices in one
plane become on the other plane upon transforming?

We thus have: T + i% = 3@ W(z) dz = [W({) —] dz =

=j£~ W(Q) di = Ftis

=

A conformal mapping transforms sources, sinks and
vortices in one plane (ex. the ¢-plane) into sources, sinks

and vortices of equal strength in the other plane (ex. the
z-plane).
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Some elementary mappings z = f({)

Translation:z= {+{y=( +a) +i(n+ b)

o N
NN

circle centered in —(, ‘ circle of same radius
centered In the origin
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Some elementary mappings z = f({)

SLx
N

circle of radius 1/a ‘ circle of unit radius

-
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Some elementary mappings z = f({)

the circle is mapped onto itself, with the complex z plane
rotating clockwise around the origin by the (real) angle ¢
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Some elementary mappings z = f({)

Inversion: z = f({) = %
This Is a one-to-one analytic mapping everywhere except at
the origin of the D plane (¢ = 0).

1 1

(=D =9@D =] SUT@l=-g=m5=-¢"

Critical points: f'(¢) = 0. Since f'({) = —z?2, the critical
pointis z = 0. On z = 0 the transformation is non-conformal.

r=|z| and 6 = arg(z) = —v = —arg({)
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Some elementary mappings z = f({)

Inversion: z = f({) = %

Assume: D = {Real({) > a} ty

D Is the exterior of the circle of radius a; it is mapped
onto the punctured disk D' = {0 < |z| < 1/a}
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Some elementary mappings z = f({)

The exponential mapping: z = f({) = e¢ (single-valued ??
el = e(+2ni)

Assume: D = {a <Imag({) < b} ty

n

b D’

D . b\a ‘
3

la —b| < 2m relf — p&+in

The horizontal strip D I1s mapped onto the wedge-
shaped domain D' = {a < 8 = arg(z) < b}
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The Joukowski mapping

The most well-known mapping to go from the flow past a
circle (in the ¢ —plane) to the flow around airfoils (in the
physical or z —plane). The J transformation must be used
together with a condition (Kutta condition) which loosely
states that the flow must exit from the trailing edge of the
airfoil smoothly, or the rear stagnation point on the circle in
the {-plane must map on the TE (which is a cusp for the

J airfoil) in the z —plane. The Kutta condition permits to set
the circulation I around the circle (and around the airfoil).

/12

Z=f+? A ER
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The Joukowski mapping

/12
Z=(+?

Observations:

« ¢ = 0is a singularity of the function f({)

 when |{| - o we have that z — (, i.e. far from the origin
we have the identity mapping, so that F(z) = F({) and
W(z) = W(Q). In other words, the complex velocity in the

two planes is the same far away from the axes’ origins

2
. g—z =1 —?—2 =0 for { = +A. These are the critical points

of the J transformation. They are stagnation points on the
{ —plane ( cf. slide 54) and for these pts angles between
corresponding elements are not conserved (cf. slide 53)
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The Joukowski mapping

/12
Z=(+?

The last observation amounts to stating that the J mapping is
non-conformal on the critical points { = +1 (which map onto

z = 121 Inthe z —plane).

Let us write the J mapping as: z+21= So that

z—24 ({—=4 ’
z+2/1_<(+/1)
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The Joukowski mapping

2
z— 2/ (—A
o z+21 \{+2
D 2
T 8191 iv1
1 pP1€
&) C(G.ﬂ) rzelez - pzewz
n P2
P1
—22 21 ~2 A
- plane C plane v
T- p :
1 1
_=(_> ) 0, — 0, =2(vy —vy)
) P2
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The Joukowski mapping

Let us now consider the smooth curve about { = A, with two
points very close to one another, {; and {,. The corresponding
curve in the z—plane forms a knife-edge or cusp.

Angles variations as we move along the curve from {; to {,:

v; goes from 3r/2 to n/2, v, goes from 2m to 0
0, = m both before and after, 6, goes from 2r to 0

0 _______fl 0, Vs _\,——4'—""\%2‘\\

L plane

Chapter 3: Potential flow theory

Aerodynamics 69




The Joukowski mapping

(vi — vy) varies from —mn/2 to /2 and (6, — 6,) from —mwto &
(I.e. letting a line cross the critical pointin { = A acusp is
created in z = 24; on this pt we have W(z) — o, cf. slide 14)

Remember: a smooth curve through either one of the critical
points in { = +1 forms a cusp in the z —plane in z = +2A1

0- i ___——-—f:%@el Vs _\-——4'—“"\%2‘}\

Z i C-'I

- plane £ plane
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The Joukowski mapping

Case 1: circle of radius A centered on the origin

An Ay

A\ jB g A B x

{=AeV z=2Ae +1e V" =22Acos(v)

The critical points A and B are mapped onto A" and B’ (cusps).
The circle of radius A maps onto a segment in the real plane
(a flat plate airfoil) of length (or chord) ¢ = 41
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The Joukowski mapping

Case 2: circle of radius a > A centered on the real axis

An Ay

N J —NACA0020
e B —Joukowski 20

The critical point B is mapped onto a cusp in B’ (cusps). If
e =a—A1<K A the symmetric airfoil which is generated has
max thickness equal to approximately 3v/3 ¢ and this max
thickness occurs at a position distant about ¢/, = A from A'.
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The symmetric J versus NACA airfoll

100

Aerodynamics

2,

10 15

¥

20

10 15

¥

20

|
|- NACA0010
- = NACA0015
—NACA0020
-------- Joukowski 10
= = Joukowski 15

— Joukowski 20
|

0 0.05 0.1 0.15
Cda
0.05
Cmc/4
-0.05
0 5 10 15 20
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The Joukowski mapping

Case 3: circle of radius a > A centered on the imaginary axis

ty
/;\
: A T B x
circular arc airfolil of chord ¢ = 44
A = a cosp with cusps in A’ and B’
e = asin f = distance of max camber height: s = 2a sinf
center of circle from origin
L . 2\ 2

airfoil's equation (for e <« 1):  x?%+ (y + ?) ~ )? (4 + 8—2)
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The Joukowski mapping

Case 4: circle of radius a > A centered in the complex plane

A TI A y
/ \\\ ; _
,/ B ‘ /—\A ‘
Al ! - B’ X
\ | §
s Joukowski airfoil

aT_)l controls the J airfoil's thickness ~ With cuspin B

f controls the camber of the airfoill

By increasing the thickness, circulation, and thus lift, around the
airfoil increase; however, large thickness means large D’
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Joukowski transformation

https://demonstrations.wolfram.com/TheJoukowskiMapping
AirfoilsFromCircles/

http://www.dicat.unige.it/~irro/
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Kutta condition

The Kutta condition (slide 65) imposes that the rear stagn pt
In the circle in the { —plane must map onto a cusp in z.

This condition mimics the effect of viscosity, i.e. the presence
of a thin boundary layer around the airfolil: to let the flow out
smoothly at the trailing edge we must add circulation to our
potential flow solution. In physical reality this circulation is
provided by the vorticity within the boundary layer.

http://dimanov.com/airfoil/feature.ntmi
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The kinematic problem for the flat plate

Flow past a cylinder with
a small angle of attack

'+0

the correct amount of
I' is supplied to let the
flow go out smoothly at
the TE
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The kinematic problem for the flat plate

What is the correct amount of '? Assume that the uniform
Incoming flow, of speed U, has an angle of attack a with

respect to the AB segment. For I' = 0 stagnation points
are P and Q.

Aerodynamics
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The kinematic problem for the flat plate

To satisfy the Kutta condition a clockwise vortex must be
added so that the rear stagnation point is moved from Q to Q*
(to coincide with B), while at the same time P moves to P*.
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The kinematic problem for the flat plate

We know that on the circle of radius A we have (slide 23):

v, (A) =0, vp(A) = —2Usinv' + ——
OnB: Vv =—-«a
It must thus be:
o "B\V [=—4nAUsina
$

This same I' Is also the circulation about the flat plate (slide 58).
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The kinematic problem for the flat plate
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The kinematic problem for the flat plate

The lift force on the flat plate is (from KJ theorem):

L' =—pUTl=4mpU?Asina = wp U?csina

__mpU?csina

The lift coefficient is: ¢; =

T =2nsiha=2na
E’D UZc

The last relation is ok for e
small angles of incidence «;
the flat plate displays a

linear behavior of ¢; with o >
(measured in radians) @
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The kinematic problem for the flat plate

Bernoulli:  p +%p Us=p +%pv *V (pand von the
surface of the flat plate)

We thus need the complex velocity W (z) on the flat plate
surface. From slide 54 we know that

QI WOl WQ)]
PO | 2 e
(2

since { = 1e'
on the cylinder

(W(2)| =
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The kinematic problem for the flat plate

W ()] _ W ()|
[1—cos(2v) +isin(2v)| /[1 - cos(2v)]2 + sinZ2(2v)

(W(2)| =

W (D) _ W (D) _ W ()
J2[1—cos(2v)] |2sinv] [2sin(v’ + a)

Furthemore, from slide 81 we knowthat ' = -4t A U sina and
vg(A) = —2U sinv' + % — vg(1) = =2U (sinv’' + sina)

|U (sinv’ + sina) |

|sinv’ cos a + cos v’ sin |

(W(2)| =
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The kinematic problem for the flat plate

|U (sinv’ + sina) |

W(z)| = .
W) |sinv’ cos a + cos v’ sin «|

on A (LE of flat plate, A): v - m—«a
on B (TE of flat plate, B’): v' - —«a

|12 U sina |

onLE: [W(2)| -2 —— — 00
|sin &« cos @ — cos a sin «|

|U (—sina + sina)|
onTE: |[W(2)| - _ : - ?
|—sin a cos a + cos a sin ¢
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The kinematic problem for the flat plate

|U (sinv’ + sina) |

W(z)| =
W) |sinv’ cos a + cos v’ sin «|

on B/B’: lim |W(z)| (using I'HoOpital's rule)
V —->—U

|U cosv'| |U cos «af

= , — = > —— = |U cos af
|cosv' cosa —sinv’sina| |[cos? a + sin“ «

and for small angles of incidence, a, the velocity in B’, TE
of the flat plate, has modulus equal to that of the free
stream speed.

Notice: neither A’ nor B" are stagnation points (cf. slide 54)
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The kinematic problem for the flat plate

The only stagnation point on the flat plate is in P*

. A’*, To find the position of P* we note that P*
P, isin vV =+ a (orv =mn+ 2a); since
° B the plate has eq: z = 2 1cos(v) (slide 71)

we finally have
Zpr = —2 Acos(2a)
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The kinematic problem for the flat plate

Kutta-Joukowski theorem states that lift is always
perpendicular to U (slide 28). However, since pressure
acts always normal to the flat plate, we seem to have a
problem ...

force E, arising from the
Integral of the pressure on
lower and upper sides of
the plate

(go back and check the heuristic argument of slide 29)
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The kinematic problem for the flat plate

Apparent paradox ... the velocity at the LE tends to co and
the pressure thus tends to —co (Bernoulli). This py g produces
a finite suction force S at the LE, the product of a “very large”
(in modulus) pressure and a “very small” LE area.

S

L' E,

D’Alembert paradox stands! There is no drag force / U.
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The kinematic problem for the J airfoll

J airfoil with a angle of incidence
ty

The point Q on the circle must rotate (clockwise) by an angle
a + [ for the fluid to flow smoothly out of the TE in B’. Clearly,
also the front stagnation point on the circle rotates (counter-

clockwise) so that the stagnation point on the physical plane
moves on the lower side of the airfoill.
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The kinematic problem for the J airfoll

The tangential velocity on the point B of the circle centered in C
and of radius a is vg = —2U sinv’ + LA sin(—a — B) + L=

21Ta 2ma

= 2U sin(a + B) + % . Thus, B Is stagnation point iff

'=—4maUsin(a + )
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The kinematic problem for the J airfoll

The same clockwise circulation ' = —4 ma U sin(a + ) is
applied on the physical plane.

Lift on the airfoilis L'= —p UT =47 p a U%sin(a + B) and
the lift coefficient is
L' 8masin(a + p)

%pUzc ¢

C; =

If the point C is not too far from the origin of the { —plane,

the chord of the airfoil is ¢ = 44 =~ 4a and the lift coefficient
reads:

= 2nsin(a+ ) = 2n (a+ L) (for « and S small)
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The kinematic problem for the J airfoll

cg=2n(a+pB)=2nma with a the effective angle of attack,

which accounts for the camber of the airfoil (through ).

A
Ci

symmetric symmetric airfoll
cambgred airfoil
airfoil c;=0 fora=0
/ cambered airfoll
* 1=0 , ¢ =0 fora=—-f=a;-

when the geometric angle
of attack vanishes there is
stil some lift: ¢c; = 2n
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To Kutta or not to Kutta

|
'|||,| il

[\
|
I

Alrflow
/\
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Another conformal mapping

Mapping by van de Vooren and de Jong
({ —a)"

(12
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TE angle

finite angle cusp
Iirr

"j'._'__.-r""
——
-_I_F.-I'"
i
S L. J!:‘
L
5 % Sy

.

at TE: V,=V,=0 at TE: V, =V, # 0

Aerodynamics Chapter 3: Potential flow theory




Conformal mappings

Exercises (third set)

1. For the symmetric Joukowski airfoil (slide 72) find the
coordinate z,: of the leading edge.

2. For the circular arc airfoil (slide 74) show that the
maximum camber height is s = 2a sing.

3. Consider the cambered Joukowski airfoil (slides 75 and
92). Where does the center C of the circle in the
{ —plane go in the z —plane?

4. Show that the conformal mapping z = ¢ +

a’—p?

4¢
circles of radius aTer In the { —plane to an ellipse of

semi-axis a and b onto the z —plane.

maps a
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Using J mapping for arbitrary shapes

Let us now see how the J mapping for a flat plate of length c
can be used to model arbitrarily shaped 2D bodies, formed

by many finite-length segments

//discretized shape
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Using J mapping for arbitrary shapes

The fluid exits smoothly
at B’ iff
[=—-—mcUsina
x (cf. slide 81)

V ) c =44
a

Let us imagine to replace the flat plate with a potential vortex
of circulation I', positioned in the AC (which is c/4 from the
LE of the plate) plus a collocation point, which is a point on
the plate where we impose the flow to be tangent to the plate.

Recall: AC is defined such that d’;lcfc = 0. For symmetric airfoils, e.g. the

flat plate, it will also be shown that m,- = 0 in the potential flow case.
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Using J mapping for arbitrary shapes

' =—mcUsina

|/ :x
u <C/4>< Ar > >
a

Distance vortex-collocation point = Ar

The azimuthal velocity induced by the vortex on the
collocation point is I'/(2rAr): this velocity is perpendicular to
the plate and downwards (because circulation is negative).
The total vertical velocity on the collocation pt vanishes if
Usina =cUsinal/(2Ar) - Ar =c/2

Aerodynamics Chapter 3: Potential flow theory




The lumped vortex element method

All individual segments of length ¢ which, taken one after
the other, make up a complex 2D shape can be
represented as a series of vortices positioned on the AC
of the segments, plus a series of collocation points,
positioned c/2 downstream of the vortices.

This is called the lumped vortex element method.

Note: for symmetric airfoils, and thus for the flat plate as

well, the AC coincides with the CP (both of them are in
c/4)
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The lumped vortex element method

Example: let us use the lumped vortex element method to
represent a flat plate of length [ made up by three equal
segments of length ¢ = [/3

y element distance from origin
V1 c/4
Cl 3c/4
1 2
— V2 c+c/4 = 5¢/4
C2 c+3c/4 =7cl4
. [ =3c .

2c+c/4 = 9cl/4
2c+3c/4 = 11c/4

Aerodynamics 103 Chapter 3: Potential flow theory




The lumped vortex element method

Vertical velocity on C1 induced by the 3 vortices:

Iy I
Zn(xcl — le) 27T(XV2 — Xcl) 27T(xV3 o xC1)
ty V1 c/4
Cl1 3c/4
1 2 V2 c+c/4 = 5¢/4
I C2 c+3c/4 = 7clh
X
u _ 2c+c/4 = 9c/4
a [ = 3c
) > 2c+3c/4 = 11c/4

[

Zn(xcl—xvi)

T 3
Ve, = Usina + Xi_,

Aerodynamics 104 Chapter 3: Potential flow theory




The lumped vortex element method

[

Zn(xcj —xvi)

T o 3
v, = Usina + i,

The vertical velocity components on the 3 collocation
points must vanish:

. : Ty T3 _
C;: 27TU51ncx+l/6 TR

: : b ,  Ip T3z
C.: 27TU51noz+l/2+l/6 1/6—0
Cs: 2nUsing +—— +-24+-2=0

51/6  1/2  1/6
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The lumped vortex element method

The system of three equations in three unknowns yields:

5 . : : :

I = —o T Ulsina (clockwise circulation)
1 . . : !

I, = R Ulsina (clockwise circulation)
1 . . . !

I3 = —5 T Ulsina (clockwise circulation)

The total circulation around the flat plate is T = Y7_, T}
=—nUlsina (cf. slide 81!)
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The mirror image method

When in the vicinity of the ground (landing or takeoff) the
behavior of a wing is modified from that observed in an
unrestricted freestream. This is called ground effect. If the
wing Iis modelled by lumped vortex elements, the presence
of the ground can be modelled by the method of images,
| for the ground to
become a streamline.

A similar strategy can
be adopted, for

Ground plane example, to model
wind tunnel walls.

Image airfoll
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The mirror image method

The same technigue can g
be used in 3D when using
distributions of surface
singularities (3D panel
method)
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Lumped vortex element method

Exercises (fourth set)

1. Letus consider a tandem of flat plate airfoils, as in the figure, in a uniform
stream of velocity U and angle of attack a. Compute the circulation of both plates.

v

U/v 0 c 3c/2 5¢/2 X

N
2. Let us model a symmetric airfoil as an [y

equilateral triangle, formed by three panels

of length [, potential vortices on the vertices

of the triangle and collocation points centered  _“Y
along the sides. Compute the circulation of

each potential vortex, when the profile is in

a stream of constant velocity U.

Fl v/ _‘ \'
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